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Scientific Programming: Algorithms




General Info

The contacts to reach me can be found at this page [http://www.fmach.it/CRI/info-generali/organizzazione/Biologia-computazionale/BIANCO-LUCA].


Timetable and lecture rooms

Lectures will take place on Tuesdays from 15:30 to 17:30 (synchronous online if not otherwise communicated) and on Thursdays from 15:30 to 17:30 (synchronous online if not otherwise communicated). This second part of the Scientific Programming course will tentatively run from 03/11/2020 to 14/12/2020.




Midterm

The midterm of this part of the course will take place on Wednesday, December 16th, online at 11:30-13.30.




Moodle

In the moodle page of the course you can find announcements and videos of the lectures. It can be found here [https://didatticaonline.unitn.it/dol/course/view.php?id=25445].




Zoom links

The zoom links for the lectures can be found in the Announcements section of the moodle web page.




Slides

The slides shown during the lectures will gradually appear below:


	Lecture 1-2: Introduction to algorithms


	Lecture 3: Algorithms and complexity


	Lecture 4: Complexity and sorting


	Lecture 5: Data Structures 1


	Lecture 6: Data Structures 2


	Lecture 7-8: Trees


	Lecture 9-10: Graphs


	Lecture 11: Dynamic Programming


	Lecture 12: Other paradigms







Teaching assistants

David Leoni [https://www5.unitn.it/People/it/Web/Persona/PER0014767#INFO] (for Data Science)

Erik Dassi [https://www5.unitn.it/People/it/Web/Persona/PER0010586/] (for QCB)




Course material

Brad Miller and David Ranum. Problem Solving with Algorithms and Data Structures using Python. An interactive version is freely available at this link [http://interactivepython.org/runestone/static/pythonds/index.html].

Other material includes the following books:


	Lutz. Learning Python (5th edition). O’REILLY (2013)


	Hetland. Python Algorithms: Mastering Basic Algorithms in the Python Language. Apress, 2nd ed. (2014)


	Cormen et al. Introduction to Algorithms (3rd edition). MIT Press.




and (thanks to Prof. Alberto Montresor)


	Introduction to algorithms | Link


	Big-Oh Notation | Link


	Sorting | Link


	Dynamic Programming | Link


	Greedy Algorithms | Link


	String Algorithms | Link





Link to lab material

Material for QCB students can be found here [https://bitbucket.org/erikdassi/sciprog2020].

Material for Data Science students can be found here [https://datasciprolab.readthedocs.io/en/latest/].
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I would like to thank Prof. Alberto Montresor for kindly allowing me to use his slides and Dr. David Leoni for all his help and for sharing Jupman with me. I would also like to thank Dr. Stefano Teso for allowing us to use some of his material of a previous course.







          

      

      

    

  

    
      
          
            
  


Past Exams

Below you can find some past exams. This is to help you getting an idea on how the final exam is likely to look like.


	Sample Exam 1


	Sample Exam 2


	Sample Exam 3


	Sample Exam 4


	Exam 10/02/2021




The input files needed follow:


	Exam1:


	marker_data.tsv






	Exam2:


	test_genes.tsv


	test_seqs.fasta






	Exam3:


	ctg_data.tsv


	MyQueue.py


	ReversibleQueue.py






	Exam4:


	sample.fastq


	DiGraphLL.py






	Exam 10/02/2021:


	rawcounts.all.txt
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Support code for Abstract Data Types lectures


Example of list vs deque

Note: list.insert(0,el) or list.pop(0) are not O(1) but O(n).


[1]:






import time

from collections import deque

N = 500
L = []
start = time.time()
for i in range(N):
    for j in range(N):
        L.insert(0, i)

end = time.time()
print("[list: insert] {:.2f}s elapsed".format(end-start))

start = time.time()
for i in range(N):
    for j in range(N):
        L.append(i)

end = time.time()

print("[list: append] {:.2f}s elapsed".format(end-start))

D = deque()
start = time.time()
for i in range(N):
    for j in range(N):
        D.insert(0, i)

end = time.time()


print("[deque: insert] {:.2f}s elapsed".format(end-start))

start = time.time()
for i in range(N):
    for j in range(N):
        D.append(i)

end = time.time()

print("[deque: append] {:.2f}s elapsed".format(end-start))

L1 = list(D)
print("L == L1? {}".format(L==L1))

start = time.time()
for i in range(len(L)):
    L.pop(0)
end = time.time()
print("[list: remove] {:.2f}s elapsed".format(end-start))

start = time.time()
for i in range(len(D)):
    D.popleft()
end = time.time()
print("[deque: remove] {:.2f}s elapsed".format(end-start))

print(L)
print(D)













[list: insert] 14.88s elapsed
[list: append] 0.02s elapsed
[deque: insert] 0.03s elapsed
[deque: append] 0.02s elapsed
L == L1? True
[list: remove] 38.13s elapsed
[deque: remove] 0.03s elapsed
[]
deque([])







[2]:






import time

from collections import deque

N = 750
L = []
start = time.time()
for i in range(N):
    for j in range(N):
        L.insert(0, i)

end = time.time()
print("[list: insert] {:.2f}s elapsed".format(end-start))
L=[]
start = time.time()
for i in range(N):
    for j in range(N):
        L.append(i)

end = time.time()
print("[list: append] {:.2f}s elapsed".format(end-start))

start = time.time()
for i in range(len(L)):
    L.pop(0)
end = time.time()
print("[list: remove] {:.2f}s elapsed".format(end-start))

D = deque()
start = time.time()
for i in range(N):
    for j in range(N):
        D.insert(0, i)

end = time.time()
print("[deque: insert] {:.2f}s elapsed".format(end-start))
D = deque()
start = time.time()
for i in range(N):
    for j in range(N):
        D.append(i)
end = time.time()

print("[deque: append] {:.2f}s elapsed".format(end-start))

start = time.time()
for i in range(len(D)):
    D.popleft()
end = time.time()
print("[deque: remove] {:.2f}s elapsed".format(end-start))














[list: insert] 66.70s elapsed
[list: append] 0.04s elapsed
[list: remove] 35.27s elapsed
[deque: insert] 0.06s elapsed
[deque: append] 0.04s elapsed
[deque: remove] 0.03s elapsed









Sequence

A sequence is a dynamic data structure (no limit on the number of elements) that contains (possibly repeated) sorted elements (sorted not by the value of the elements, but based on their position within the structure). Operations allowed are remove elements by their index (index), access directly some elements like the first or the last (head and tail) or given their index (position), sequentially access all the elements moving forward (next) or backwards (previous) in the structure.


[3]:






class mySequence:

    def __init__(self):
         #the sequence is implemented as a list
        self.__data = []

    #isEmpty returns True if sequence is empty, false otherwise
    def isEmpty(self):
        return len(self.__data) == 0

    #head returns the position of the first element
    def head(self):
        if not self.isEmpty():
            return 0
        else:
            return None
    #tail returns the position of the last element
    def tail(self):
        if not self.isEmpty():
            return len(self.__data) -1
        else:
            return None
    #next returns the position of the successor of element
    #in position pos
    def next(self, pos):
        if pos <len(self.__data)-1:
            return pos +1
        else:
            return None

    #prev returns the position of the predecessor of element
    #in position pos
    def prev(self, pos):
        if pos > 0 and pos < len(self.__data):
            return pos  - 1
        else:
            return None
    #insert inserts the element obj in position pos
    #or at the end
    def insert(self, pos, obj):
        if pos <len(self.__data):
            self.__data.insert(pos, obj)
            return pos
        else:
            #Not necessary! Already done by list's insert!!!
            self.__data.append(obj)
            return len(self.__data) -1
    #remove removes the element in position pos
    #(if it exists in the sequence) and returns the index
    #of the element that now follows the predecessor of pos
    def remove(self, pos):
        if pos < len(self.__data):
            self.__data.pop(pos)
            return pos #same position, we are in a list
        else:
            return None

    #read returns the element in position pos (if
    #it exists) or None
    def read(self, pos):
        if pos < len(self.__data):
            return self.__data[pos]
        else:
            return None
    #write changes the object in position pos to new_obj
    #if pos is a valid position
    def write(self,pos,new_obj):
        if pos < len(self.__data):
            self.__data[pos] = new_obj

    #converts the data structure into a string
    def __str__(self):
        return str(self.__data)


if __name__ == "__main__":
    S = mySequence()
    print(S.isEmpty())
    S.insert(0,10)
    S.insert(1,20)
    S.insert(2,30)
    print(S)
    print(S.read(2))
    S.insert(1,15)
    S.insert(3,25)
    print(S)
    print("Head: ", S.head())
    print("Tail: ", S.tail())
    cur_el = S.read(0)
    for i in range(1,4):
        cur_el = S.next(i-1)
        p = i-1
        n = i+1
        print("el: {} prev_el: {} next_el:{}".format(S.read(cur_el),
                                                    S.read(p),
                                                    S.read(n)))













True
[10, 20, 30]
30
[10, 15, 20, 25, 30]
Head:  0
Tail:  4
el: 15 prev_el: 10 next_el:20
el: 20 prev_el: 15 next_el:25
el: 25 prev_el: 20 next_el:30







[4]:






L = []
L.insert(0,1)
L.insert(3,2)

print(L)













[1, 2]







[5]:






class mySequence:

    def __init__(self):
         #the sequence is implemented as a list
        self.__data = []

    #isEmpty returns True if sequence is empty, false otherwise
    def isEmpty(self):
        return len(self.__data) == 0

    #head returns the position of the first element
    def head(self):
        if not self.isEmpty():
            return 0
        else:
            return None
    #tail returns the position of the last element
    def tail(self):
        #TODO
        pass

    #next returns the position of the successor of element
    #in position pos
    def next(self, pos):
        if pos <len(self.__data)-1:
            return pos +1
        else:
            return None

    #prev returns the position of the successor of element
    #in position pos
    def prev(self, pos):
        #TODO
        pass

    #insert inserts the element obj in position pos
    #or at the end
    def insert(self, pos, obj):
        if pos <len(self.__data):
            self.__data.insert(pos, obj)
            return pos
        else:
            #Not necessary! Already done by list's insert!!!
            self.__data.append(obj)
            return len(self.__data) -1
    #remove removes the element in position pos
    #(if it exists in the sequence) and returns the index
    #of the element that now follows the predecessor of pos
    def remove(self, pos):
        #TODO
        pass

    #read returns the element in position pos (if
    #it exists) or None
    def read(self, pos):
        #TODO
        pass

    #write changes the object in position pos to new_obj
    #if pos is a valid position
    def write(self,pos,new_obj):
        #TODO
        pass

    #converts the data structure into a string
    def __str__(self):
        return str(self.__data)


if __name__ == "__main__":
    S = mySequence()
    print(S.isEmpty())
    S.insert(0,10)
    S.insert(1,20)
    S.insert(2,30)
    print(S)
    print(S.read(2))
    S.insert(1,15)
    S.insert(3,25)
    print(S)
    print("Head: ", S.head())
    print("Tail: ", S.tail())
    cur_el = S.read(0)
    for i in range(1,4):
        cur_el = S.next(i-1)
        p = i-1
        n = i+1
        print("el: {} prev_el: {} next_el:{}".format(S.read(cur_el),
                                                    S.read(p),
                                                    S.read(n)))













True
[10, 20, 30]
None
[10, 15, 20, 25, 30]
Head:  0
Tail:  None
el: None prev_el: None next_el:None
el: None prev_el: None next_el:None
el: None prev_el: None next_el:None









Set


[20]:






class MySet:
    def __init__(self, elements):
        self.__data = dict()
        for el in elements:
            self.__data[el] = 1

    #let's specify the special operator for len
    def __len__(self):
        return len(self.__data)

    #this is the special operator for in
    def __contains__(self, element):
        el = self.__data.get(element, None)
        if el != None:
            return True
        else:
            return False

    #we do not redefine __add_ because that is for S1 + S2
    #where S1 and S2 are sets
    def add(self,element):
        #dont care if already there
        self.__data[element] = 1

    def discard(self,element):
        #equivalent to:
        #if element in self.__data: del self.__data[element]
        el = self.__data.pop(element, None)

    def iterator(self):
        keys = list(self.__data.keys())
        for i in range(len(keys)):
            yield keys[i]

    def __iter__(self):
        keys = list(self.__data.keys())
        for i in range(len(keys)):
            yield keys[i]


    def __str__(self):
        keys = self.__data.keys()
        return "{"+"{}".format(", ".join([str(x) for x in keys])) + "}"

    def union(self, other):
        """elements in either of the two sets"""
        elements = []
        for el in other.iterator():
            elements.append(el)
        S = MySet(elements)

        for el in self.iterator():
            S.add(el)
        return S
    def intersection(self, other):
        """elements in both sets"""
        #inter = [x for x in self.iterator() if x in other.iterator()]
        inter = [x for x in self if x in other]
        return MySet(inter)

    def difference(self, other):
        """elements in self but not in other"""
        diff = [x for x in self.iterator() if x not in other.iterator()]
        return MySet(diff)


S = MySet([1,3,5,2, 7])
S1 = MySet([1,1,1, 2,9,9])

for x in S.iterator():
    print(x)

for x in S1:
    print("Element: {}".format(x))


print("Intersection: {} \u2229 {} = {}".format(S, S1, S.intersection(S1)))














1
3
5
2
7
Element: 1
Element: 2
Element: 9
Intersection: {1, 3, 5, 2, 7} ∩ {1, 2, 9} = {1, 2}







[7]:






class MySet:
    def __init__(self, elements):
        #HOW are we gonna implement the set?
        #Shall we use a list, a dictionary?
        pass

    #let's specify the special operator for len
    def __len__(self):
        pass

    #this is the special operator for in
    def __contains__(self, element):
        pass

    #we do not redefine __add_ because that is for S1 + S2
    #where S1 and S2 are sets
    def add(self,element):
        pass

    def discard(self,element):
        pass

    def iterator(self):
        pass

    def __str__(self):
        pass

    def union(self, other):
        pass
    def intersection(self, other):
        pass

    def difference(self, other):
        pass










Monodirectional list


[8]:






""" Can place this in Node.py"""
class Node:
    def __init__(self, data):
        self.__data = data
        self.__next = None

    def get_data(self):
        return self.__data

    def set_data(self, newdata):
        self.__data = newdata

    def get_next(self):
        return self.__next

    def set_next(self, node):
        self.__next = node


    def __str__(self):
        return str(self.__data)

    #for sorting
    def __lt__(self, other):
        return self.__data < other.__data


""" Can place this in MonodirList.py"""
class MonodirList:
    def __init__(self):
        self.__head = None #None is the sentinel!

    def add(self,node):
        if type(node) != Node:
            raise TypeError("node is not of type Node")
        else:
            node.set_next(self.__head)
            self.__head = node

    def search(self, item):
        current = self.__head
        found = False
        while current != None and not found:
            if current.get_data() == item:
                   found = True
            else:
                   current = current.get_next()
        return found

    def remove(self,item):
        current = self.__head
        prev = None
        found = False
        while not found and current != None:
            if current.get_data() == item:
                found = True
            else:
                prev = current
                current = current.get_next()
        if found:
            if prev == None:
                self.__head = current.get_next()
            else:
                prev.set_next(current.get_next() )

    def __str__(self):
        if self.__head != None:
            dta = str(self.__head.get_data())
            cur_el = self.__head.get_next()
            while cur_el != None:
                dta += " -> " + str(cur_el.get_data())
                cur_el = cur_el.get_next()
            return str(dta)
        else:
            return ""

    def min(self):
        current = self.__head
        if current != None:
            min_so_far = current.get_data()
        while current != None:
            if min_so_far > current.get_data():
                min_so_far = current.get_data()
            current = current.get_next()
        return min_so_far


    def __len__(self):
        current = self.__head
        length = 0
        while current != None:
            length += 1
            current = current.get_next()
        return length

if __name__ == "__main__":
    ML = MonodirList()
    print("Length: {}".format(len(ML)))
    for i in range(1,50,10):
        n = Node(i)
        ML.add(n)
    print(ML)
    print("Adding 111")
    new_n = Node(111)
    ML.add(new_n)
    print("Adding 27")
    new_n2 = Node(27)
    ML.add(new_n2)
    print(ML)
    print("Removing 1")
    ML.remove(1)
    print(ML)
    print("Removing 1")
    ML.remove(1)
    print("Removing 111")
    print("Removing 31")
    ML.remove(111)
    ML.remove(31)
    print(ML)
    print("Minimum: {}".format(ML.min()))
    ML.add(Node(1))
    print(ML)
    print("Minimum: {}".format(ML.min()))
    print("Length: {}".format(len(ML)))













Length: 0
41 -> 31 -> 21 -> 11 -> 1
Adding 111
Adding 27
27 -> 111 -> 41 -> 31 -> 21 -> 11 -> 1
Removing 1
27 -> 111 -> 41 -> 31 -> 21 -> 11
Removing 1
Removing 111
Removing 31
27 -> 41 -> 21 -> 11
Minimum: 11
1 -> 27 -> 41 -> 21 -> 11
Minimum: 1
Length: 5






Version with faster __len__()


[9]:






""" Can place this in Node.py"""
class Node:
    def __init__(self, data):
        self.__data = data
        self.__next = None

    def get_data(self):
        return self.__data

    def set_data(self, newdata):
        self.__data = newdata

    def get_next(self):
        return self.__next

    def set_next(self, node):
        self.__next = node


    def __str__(self):
        return str(self.__data)

    #for sorting
    def __lt__(self, other):
        return self.__data < other.__data


""" Can place this in MonodirList.py"""

class MonodirList:
    def __init__(self):
        self.__head = None #None is the sentinel!
        self.__len = 0

    def add(self,node):
        if type(node) != Node:
            raise TypeError("node is not of type Node")
        else:
            node.set_next(self.__head)
            self.__head = node
            self.__len += 1

    def search(self, item):
        current = self.__head
        found = False
        while current != None and not found:
            if current.get_data() == item:
                   found = True
            else:
                   current = current.get_next()
        return found

    def remove(self,item):
        current = self.__head
        prev = None
        found = False
        while not found and current != None:
            if current.get_data() == item:
                found = True
            else:
                prev = current
                current = current.get_next()
        if found:
            if prev == None:
                self.__head = current.get_next()
            else:
                prev.set_next(current.get_next() )
            self.__len -= 1

    def __str__(self):
        if self.__head != None:
            dta = str(self.__head)
            cur_el = self.__head.get_next()
            while cur_el != None:
                dta += " -> " + str(cur_el)
                cur_el = cur_el.get_next()
            return str(dta)
        else:
            return ""

    def min(self):
        current = self.__head
        if current != None:
            min_so_far = current.get_data()
        while current != None:
            if min_so_far > current.get_data():
                min_so_far = current.get_data()
            current = current.get_next()
        return min_so_far


    def __len__(self):
        return self.__len



if __name__ == "__main__":
    ML = MonodirList()
    print("Length: {}".format(len(ML)))
    for i in range(1,50,10):
        n = Node(i)
        ML.add(n)
    print(ML)
    print("Adding 111")
    new_n = Node(111)
    ML.add(new_n)
    print("Adding 27")
    new_n2 = Node(27)
    ML.add(new_n2)
    print(ML)
    print("Removing 1")
    ML.remove(1)
    print(ML)
    print("Removing 1")
    ML.remove(1)
    print("Removing 111")
    print("Removing 31")
    ML.remove(111)
    ML.remove(31)
    print(ML)
    print("Minimum: {}".format(ML.min()))
    ML.add(Node(1))
    print(ML)
    print("Minimum: {}".format(ML.min()))
    print("Length: {}".format(len(ML)))













Length: 0
41 -> 31 -> 21 -> 11 -> 1
Adding 111
Adding 27
27 -> 111 -> 41 -> 31 -> 21 -> 11 -> 1
Removing 1
27 -> 111 -> 41 -> 31 -> 21 -> 11
Removing 1
Removing 111
Removing 31
27 -> 41 -> 21 -> 11
Minimum: 11
1 -> 27 -> 41 -> 21 -> 11
Minimum: 1
Length: 5









Hash Functions


[10]:






def H(in_string):
    d = "".join([str(bin(ord(x))) for x in in_string]).replace("b","")
    int_d = int(d,2)
    return int_d


L = "Luca"
D = "David"
C = "Massimiliano"
E = "Andrea"
A = "Alberto"
A1 = "Alan Turing"


people = [L, D, C, E, A, A1]

for p in people:
    print("H('{}')\t=\t{:,}".format(p, H(p)))
bin_str = ""
for s in L:
    print("{}: ord({}) = {} bin({}) = {}".format(s,s,ord(s),ord(s), bin(ord(s))))
    bin_str += str(bin(ord(s)))
bin_str = bin_str.replace('b',"")
print("{} -> {:,}".format(bin_str, int(bin_str, 2)))













H('Luca')       =       1,282,761,569
H('David')      =       293,692,926,308
H('Massimiliano')       =       23,948,156,761,864,131,868,341,923,439
H('Andrea')     =       71,942,387,426,657
H('Alberto')    =       18,415,043,350,787,183
H('Alan Turing')        =       39,545,995,566,905,718,680,940,135
L: ord(L) = 76 bin(76) = 0b1001100
u: ord(u) = 117 bin(117) = 0b1110101
c: ord(c) = 99 bin(99) = 0b1100011
a: ord(a) = 97 bin(97) = 0b1100001
01001100011101010110001101100001 -> 1,282,761,569







[23]:






def H(in_string):
    d = "".join([str(bin(ord(x))) for x in in_string]).replace("b","")
    int_d = int(d,2)
    return int_d

def my_hash_fun(key_str, m = 383):
    h = H(key_str)
    hash_key = h % m
    return hash_key

L = "Luca"
D = "David"
C = "Massimiliano"
E = "Andrea"
A = "Alberto"
A1 = "Alan Turing"
E1 = "Erik"


people = [L, D, C, E, E1, A, A1]


prime = 383
for p in people:
    print("{} \t {:,} mod {}\t\t Index: {}".format(p, H(p),prime,my_hash_fun(p,prime)))
















Luca     1,282,761,569 mod 383           Index: 351
David    293,692,926,308 mod 383                 Index: 345
Massimiliano     23,948,156,761,864,131,868,341,923,439 mod 383          Index: 208
Andrea   71,942,387,426,657 mod 383              Index: 111
Erik     1,165,125,995 mod 383           Index: 163
Alberto          18,415,043,350,787,183 mod 383          Index: 221
Alan Turing      39,545,995,566,905,718,680,940,135 mod 383              Index: 314







[12]:






%reset -s -f

"""NOT CORRECT: IGNORE"""

import math

def H(in_string):
    d = "".join([str(bin(ord(x))) for x in in_string]).replace("b","")
    int_d = int(d,2)
    return int_d

def my_hash_mult(key_str, m = 2**16):

    h = H(key_str)
    C = (math.sqrt(5) -1)/2
    print("C:{}*{} = {}".format(C,h, C*h))
    hash_key = math.floor(m * (C*h - math.floor(C*h)))
    print("{} * {} = {}".format(m, C*h - math.floor(C*h), hash_key))
    print(hash_key)
    return hash_key

L = "Luca"
D = "David"
C = "Massimiliano"
E = "Andrea"
A = "Alberto"
A1 = "Alan Turing"
A2 = "Alessio"


people = [L, D, C, E, A, A1, A2]


prime = 383
for p in people:
    print("{} \t {:,} mod {}\t\t Index: {}".format(p, H(p),prime,my_hash_mult(p)))
















C:0.6180339887498949*1282761569 = 792790249.1041435
65536 * 0.10414350032806396 = 6825
6825
Luca     1,282,761,569 mod 383           Index: 6825
C:0.6180339887498949*293692926308 = 181512210713.76218
65536 * 0.762176513671875 = 49950
49950
David    293,692,926,308 mod 383                 Index: 49950
C:0.6180339887498949*23948156761864131868341923439 = 1.4800774846742656e+28
65536 * 0.0 = 0
0
Massimiliano     23,948,156,761,864,131,868,341,923,439 mod 383          Index: 0
C:0.6180339887498949*71942387426657 = 44462840661487.11
65536 * 0.109375 = 7168
7168
Andrea   71,942,387,426,657 mod 383              Index: 7168
C:0.6180339887498949*18415043350787183 = 1.1381122695089234e+16
65536 * 0.0 = 0
0
Alberto          18,415,043,350,787,183 mod 383          Index: 0
C:0.6180339887498949*39545995566905718680940135 = 2.4440769379300405e+25
65536 * 0.0 = 0
0
Alan Turing      39,545,995,566,905,718,680,940,135 mod 383              Index: 0
C:0.6180339887498949*18415056470632815 = 1.1381130803599762e+16
65536 * 0.0 = 0
0
Alessio          18,415,056,470,632,815 mod 383          Index: 0







Hash table class with separate chaining as conflict resolution method
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class HashTable:

    # the table is a list of m empty lists
    def __init__(self, m):
        self.table = [[] for i in range(m)]


    #converts a string into an integer (our keys will be strings only)
    def H(self, key):
        d = "".join([str(bin(ord(x))) for x in key]).replace("b","")
        int_d = int(d,2)
        return int_d

    #gets a string and converts it into a hash-key
    def hash_function(self,str_obj):
        #m is inferred from the length of the table
        m = len(self.table)
        h = self.H(str_obj)
        hash_key = h % m
        return hash_key

    #adds a pair (key,value) to the hash table
    def insert(self, key, value):
        index = self.hash_function(key)
        self.table[index].append((key, value))
    #removes the value associated to key if it exists
    def remove(self, key):
        index = self.hash_function(key)
        for el in self.table[index]:
            if el[0] == key:
                self.table[index].remove(el)
                break
    #returns the value associated to key or None
    def search(self, key):
        index = self.hash_function(key)
        for el in self.table[index]:
            if el[0] == key:
                return el[1]

    #converts the table to a string
    def __str__(self):
        return str(self.table)


if __name__ == "__main__":
    myHash = HashTable(17)
    myHash.insert("Luca",27)
    myHash.insert("David",5)
    myHash.insert("Massimiliano",12)
    myHash.insert("Andrea",15)
    myHash.insert("Alberto",12)
    myHash.insert("Alan",1)
    myHash.insert("Erik", 33)

    print(myHash)
    key = "Luca"
    print("{} -> {}".format(key, myHash.search(key)))
    myHash.remove("Luca")
    key = "Thomas"
    print("{} -> {}".format(key, myHash.search(key)))
    print(myHash)













[[], [], [], [], [('Erik', 33)], [], [('Alan', 1)], [], [], [('Andrea', 15)], [], [], [('David', 5)], [('Massimiliano', 12)], [], [('Luca', 27)], [('Alberto', 12)]]
Luca -> 27
Thomas -> None
[[], [], [], [], [('Erik', 33)], [], [('Alan', 1)], [], [], [('Andrea', 15)], [], [], [('David', 5)], [('Massimiliano', 12)], [], [], [('Alberto', 12)]]
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### Stack

class Stack:

    # initializer, the inner structure is a list
    # data is added at the end of the list
    # for speed
    def __init__(self):
        self.__data = []

    # returns the length of the stack (size)
    def __len__(self):
        return len(self.__data)

    # returns True if stack is empty
    def isEmpty(self):
        return len(self.__data) == 0

    # returns the last inserted item of the stack
    # and shrinks the stack
    def pop(self):
        if len(self.__data) > 0:
            return self.__data.pop()


    # returns the last inserted element without
    # removing it (None if empty)
    def peek(self):
        if len(self.__data) > 0:
            return self.__data[-1]
        else:
            return None

    # adds an element to the stack
    def push(self, item):
        self.__data.append(item)

    # transforms the Stack into a string
    def __str__(self):
        if len(self.__data) == 0:
            return "Stack([])"
        else:
            out = "Stack(" + str(self.__data[-1])
            for i in range(len(self.__data) -2,-1, -1):
                out += " | " + str(self.__data[i])
            out += ")"
            return out



if __name__ == "__main__":
    S = Stack()
    print(S)
    print("Empty? {}".format(S.isEmpty()))
    S.push("Luca")
    S.push(1)
    S.push(27)
    print(S)
    S.push([1,2,3])
    print("The stack has {} elements".format(len(S)))
    print(S)
    print("Last inserted: {}".format(S.peek()))
    print("Removed: {}".format(S.pop()))
    print("Stack now:")
    print(S)













Stack([])
Empty? True
Stack(27 | 1 | Luca)
The stack has 4 elements
Stack([1, 2, 3] | 27 | 1 | Luca)
Last inserted: [1, 2, 3]
Removed: [1, 2, 3]
Stack now:
Stack(27 | 1 | Luca)
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def par_match(open_p, close_p):
    openers = "{[("
    closers = "}])"

    if openers.index(open_p) == closers.index(close_p):
        return True
    else:
        return False



def par_checker(parString):
    s = Stack()

    for symbol in parString:
        if symbol in "([{":
            s.push(symbol)
        else:
            if s.isEmpty():
                return False
            else:
                top = s.pop()
                if not par_match(top,symbol):
                    return False
    return s.isEmpty()


p1 = "{{([][])}()}"
p2 = "[{()]"
p3 = "{[(())][{[]}]}"
p4 = "{[(())][{[]}]"
p5 = "{]"
p6 = "{[)}"

blocks = [p1, p2, p3, p4,p5, p6]
for p in blocks:
    print("{} \t\tbalanced:\t {}".format(p,
                                        par_checker(p)))













{{([][])}()}            balanced:        True
[{()]           balanced:        False
{[(())][{[]}]}          balanced:        True
{[(())][{[]}]           balanced:        False
{]              balanced:        False
{[)}            balanced:        False
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### QUEUE with deque from collections

from collections import deque

class Queue:

    def __init__(self):
        self.__data = deque()

    def __len__(self):
        return len(self.__data)

    def __str__(self):
        return str(self.__data)

    def isEmpty(self):
        return len(self.__data) == 0

    def top(self):
        if len(self.__data) > 0:
            return self.__data[-1]

    def enqueue(self, item):
        self.__data.appendleft(item)

    def dequeue(self):
        if len(self.__data) > 0:
            return self.__data.pop()

if __name__ == "__main__":
    Q = Queue()
    print(Q)
    print("TOP: {}".format(Q.top()))
    print(Q.isEmpty())
    Q.enqueue(4)
    Q.enqueue('dog')
    Q.enqueue(True)
    print(Q)
    print("Size: {}".format(len(Q)))
    print(Q.isEmpty())
    Q.enqueue(8.4)
    print("Removing: '{}'".format(Q.dequeue()))
    print("Removing: '{}'".format(Q.dequeue()))
    print(Q)
    print("Size: {}".format(len(Q)))













deque([])
TOP: None
True
deque([True, 'dog', 4])
Size: 3
False
Removing: '4'
Removing: 'dog'
deque([8.4, True])
Size: 2











Circular Queue

This sort of queue is implemented as a list of a specific size N with two indexes moving around.
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class CircularQueue:

    def __init__(self, N):
        self.__data = [None for i in range(N)]
        self.__head = 0
        self.__tail = 0
        self.__size = 0
        self.__max = N

    def top(self):
        if self.__size > 0:
            return self.__data[self.__head]

    def dequeue(self):
        if self.__size > 0:
            ret = self.__data[self.__head]
            self.__head = (self.__head + 1) % self.__max
            self.__size -= 1
            return ret

    def enqueue(self, item):
        if self.__max > self.__size:
            self.__data[self.__tail] = item
            self.__tail = (self.__tail + 1) % self.__max
            self.__size += 1
        else:
            raise Exception("The queue is full. Cannot add to it")

    def __len__(self):
        return self.__size

    def isEmpty(self):
        return self.__size == 0

    def __str__(self):
        out = ""
        if len(self.__data) == 0:
            return ""
        for i in range(len(self.__data)):
            out += "[{}] ".format(i) + str(self.__data[i])
            if i == self.__head:
                out += " <-- Head"
            if i == self.__tail:
                out += " <-- Tail"
            out +="\n"
        return out


if __name__ == "__main__":
    CQ = CircularQueue(10)
    print(CQ.dequeue())
    text = "HELLO W"
    text2 = "IKIPEDIA"
    for t in text:
        CQ.enqueue(t)

    print(CQ)
    out_txt = ""
    for i in range(6):
        out_txt += str(CQ.dequeue())


    print(CQ)
    print(out_txt)
    for t in text2:
        CQ.enqueue(t)
    print(CQ)
    while not CQ.isEmpty():
        out_txt += str(CQ.dequeue())
    print(out_txt)
    print(CQ)













None
[0] H <-- Head
[1] E
[2] L
[3] L
[4] O
[5]
[6] W
[7] None <-- Tail
[8] None
[9] None

[0] H
[1] E
[2] L
[3] L
[4] O
[5]
[6] W <-- Head
[7] None <-- Tail
[8] None
[9] None

HELLO
[0] P
[1] E
[2] D
[3] I
[4] A
[5]   <-- Tail
[6] W <-- Head
[7] I
[8] K
[9] I

HELLO WIKIPEDIA
[0] P
[1] E
[2] D
[3] I
[4] A
[5]   <-- Head <-- Tail
[6] W
[7] I
[8] K
[9] I
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class luca:
    def __init__(self):
        self.value = 27

    def __hash__(self):
        return 1
L = luca()
print(L.value)
print(hash(L))













27
1






Note that


\[\sum_{i=0}^{n} 2^{i} = 2^{n+1} -1\]

and


\[\sum_{i=1}^{n} i = \frac{n\cdot(n+1)}{2}\]
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def reverse(s):
    n = len(s) -1
    res = ""
    while n >= 0:
        res = res + s[n]
        n -= 1
    return res

print(reverse("Tattarattata"))


def reverse2(s):
    return s[::-1]

print(reverse2("Tattarattata"))













atattarattaT
atattarattaT
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def my_func(x):
    if x <= 2:
        return x
    else:
        print("{} + my_func({})".format(x,x//4))
        return x + my_func(x//4)

print(my_func(80))













80 + my_func(20)
20 + my_func(5)
5 + my_func(1)
106
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%clear -f

import sys

def my_funct2(x,s):
    if x < 1:
        return s
    else:
        return my_funct2(x-1, s+x)

print(sys.getrecursionlimit())
print(my_funct2(3100,0))
#This would fix it
#print(sys.setrecursionlimit(3200))
#print(my_funct2(3100,0))














3000












---------------------------------------------------------------------------
RecursionError                            Traceback (most recent call last)
<ipython-input-22-5d69b602eb15> in <module>
     10
     11 print(sys.getrecursionlimit())
---> 12 print(my_funct2(3100,0))
     13 #This would fix it
     14 #print(sys.setrecursionlimit(3200))

<ipython-input-22-5d69b602eb15> in my_funct2(x, s)
      7         return s
      8     else:
----> 9         return my_funct2(x-1, s+x)
     10
     11 print(sys.getrecursionlimit())

... last 1 frames repeated, from the frame below ...

<ipython-input-22-5d69b602eb15> in my_funct2(x, s)
      7         return s
      8     else:
----> 9         return my_funct2(x-1, s+x)
     10
     11 print(sys.getrecursionlimit())

RecursionError: maximum recursion depth exceeded in comparison









Test join vs. string append
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A = "gjajgaojvoofosk"

res = ""
b = []
for i in range(100000000):
    #res = res + A[i%len(A)]
    b.append(A[i%len(A)])
print(len(res))
print("Done")

d = "".join(b)
print(len(d))













Test cost of appending to empty list
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import time
import sys
L = []
maxT = []
for i in range(100):
    prevSize = sys.getsizeof(L)
    start = time.time()
    L.append(i)
    end = time.time()
    #maxT.append((end-start, i))

    print("{} : time {} size of L: {} (ratio: {:.3f})".format(i, end-start, sys.getsizeof(L), sys.getsizeof(L)/prevSize))

#M = -1
#mVals = []

#for i in maxT:
#    if i[0] != 0:
#        if i[0] >= M:
#            if i[0] == M:
#                mVals.append(i)
#            else:
#                M = i[0]
#                mVals = [i]
#print(M)
#print(mVals)








[ ]:




















          

      

      

    

  

    
      
          
            
  


Code to implement Graphs
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class DiGraphAsAdjacencyMatrix:
    def __init__(self):
        #would be better a set, but I need an index
        self.__nodes = list()
        self.__matrix = list()

    def __len__(self):
        """gets the number of nodes"""
        return len(self.__nodes)

    def nodes(self):
        return self.__nodes

    def matrix(self):
        return self.__matrix

    def __str__(self):
        header = "\t".join([n for n in self.__nodes])
        data = ""
        for i in range(0,len(self.__matrix)):
            data += str(self.__nodes[i]) + "\t"
            data += "\t".join([str(x) for x in self.__matrix[i]]) + "\n"

        return "\t"+ header +"\n" + data

    def insertNode(self, node):
        #add the node if not there.
        if node not in self.__nodes:
            self.__nodes.append(node)
            #add a row and a column of zeros in the matrix
            if len(self.__matrix) == 0:
                #first node
                self.__matrix = [[0]]
            else:
                N = len(self.__nodes)
                for row in self.__matrix:
                    row.append(0)
                self.__matrix.append([0 for x in range(N)])

    def insertEdge(self, node1, node2, weight):
        i = -1
        j = -1
        if node1 in self.__nodes:
            i = self.__nodes.index(node1)
        if node2 in self.__nodes:
            j = self.__nodes.index(node2)
        if i != -1 and j != -1:
            self.__matrix[i][j] = weight

    def deleteEdge(self, node1,node2):
        """removing an edge means to set its
        corresponding place in the matrix to 0"""
        i = -1
        j = -1
        if node1 in self.__nodes:
            i = self.__nodes.index(node1)
        if node2 in self.__nodes:
            j = self.__nodes.index(node2)
        if i != -1 and j != -1:
            self.__matrix[i][j] = 0

    def deleteNode(self, node):
        """removing a node means removing
        its corresponding row and column in the matrix"""
        i = -1

        if node in self.__nodes:
            i = self.__nodes.index(node)
        #print("Removing {} at index {}".format(node, i))
        if node != -1:
            self.__matrix.pop(i)
            for row in self.__matrix:
                row.pop(i)
            self.__nodes.pop(i)

    def adjacent(self, node, incoming = True):
        """Your treat! (see exercise 1)"""

    def edges(self):
        """Your treat! (see exercise1). Returns all the edges"""

if __name__ == "__main__":
    G = DiGraphAsAdjacencyMatrix()

    for i in range(6):
        n = "Node_{}".format(i+1)
        G.insertNode(n)

    for i in range(0,4):
        n = "Node_" + str(i+1)
        six = "Node_6"
        n_plus = "Node_" + str((i+2) % 6)
        G.insertEdge(n, n_plus,0.5)
        G.insertEdge(n, six,1)
    G.insertEdge("Node_5", "Node_1", 0.5)
    G.insertEdge("Node_5", "Node_6", 1)
    G.insertEdge("Node_6", "Node_6", 1)
    print(G)

    print("Nodes:")
    print(G.nodes())
    print("Matrix:")
    print(G.matrix())

    G.insertNode("Node_7")
    G.insertEdge("Node_1", "Node_7", -1)
    G.insertEdge("Node_2", "Node_7", -2)
    G.insertEdge("Node_5", "Node_7", -5)
    G.insertEdge("Node_7", "Node_2", -2)
    G.insertEdge("Node_7", "Node_3", -3)

    print("Size is: {}".format(len(G)))
    print("Nodes: {}".format(G.nodes()))
    print("\nMatrix:")
    print(G)
    G.deleteNode("Node_7")
    G.deleteEdge("Node_6", "Node_2")
    #no effect, nodes do not exist!
    G.insertEdge("72", "25",3)
    print(G)













        Node_1  Node_2  Node_3  Node_4  Node_5  Node_6
Node_1  0       0.5     0       0       0       1
Node_2  0       0       0.5     0       0       1
Node_3  0       0       0       0.5     0       1
Node_4  0       0       0       0       0.5     1
Node_5  0.5     0       0       0       0       1
Node_6  0       0       0       0       0       1

Nodes:
['Node_1', 'Node_2', 'Node_3', 'Node_4', 'Node_5', 'Node_6']
Matrix:
[[0, 0.5, 0, 0, 0, 1], [0, 0, 0.5, 0, 0, 1], [0, 0, 0, 0.5, 0, 1], [0, 0, 0, 0, 0.5, 1], [0.5, 0, 0, 0, 0, 1], [0, 0, 0, 0, 0, 1]]
Size is: 7
Nodes: ['Node_1', 'Node_2', 'Node_3', 'Node_4', 'Node_5', 'Node_6', 'Node_7']

Matrix:
        Node_1  Node_2  Node_3  Node_4  Node_5  Node_6  Node_7
Node_1  0       0.5     0       0       0       1       -1
Node_2  0       0       0.5     0       0       1       -2
Node_3  0       0       0       0.5     0       1       0
Node_4  0       0       0       0       0.5     1       0
Node_5  0.5     0       0       0       0       1       -5
Node_6  0       0       0       0       0       1       0
Node_7  0       -2      -3      0       0       0       0

        Node_1  Node_2  Node_3  Node_4  Node_5  Node_6
Node_1  0       0.5     0       0       0       1
Node_2  0       0       0.5     0       0       1
Node_3  0       0       0       0.5     0       1
Node_4  0       0       0       0       0.5     1
Node_5  0.5     0       0       0       0       1
Node_6  0       0       0       0       0       1








[ ]:






class DiGraphAsAdjacencyMatrix:
    def __init__(self):
        #would be better a set, but I need an index
        self.__nodes = list()
        self.__matrix = list()

    def __len__(self):
        """gets the number of nodes"""
        return len(self.__nodes)

    def nodes(self):
        return self.__nodes

    def matrix(self):
        return self.__matrix

    def __str__(self):
        #TODO
        pass

    def insertNode(self, node):
        #TODO
        pass

    def insertEdge(self, node1, node2, weight):
        #TODO
        pass

    def deleteEdge(self, node1,node2):
        """removing an edge means to set its
        corresponding place in the matrix to 0"""
        #TODO
        pass

    def deleteNode(self, node):
        """removing a node means removing
        its corresponding row and column in the matrix"""
        #TODO
        pass

    def adjacent(self, node, incoming = True):
        #TODO
        pass

    def edges(self):
        #TODO
        pass







In this implementation of a directed weighted graph, we use a dictionary to store the data.
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class Graph:

    # initializer, nodes are private!
    def __init__(self):
        self.__nodes = dict()

    #returns the size of the Graph
    #accessible through len(Graph)
    def __len__(self):
        return len(self.__nodes)

    #returns the nodes
    def V(self):
        return self.__nodes.keys()

    #a generator of nodes to access all of them
    #once (not a very useful example!)
    def node_iterator(self):
        for n in self.__nodes.keys():
            yield n

    #a generator of edges (as triplets (u,v,w)) to access all of them
    def edge_iterator(self):
        for u in self.__nodes:
            for v in self.__nodes[u]:
                yield (u,v,self.__nodes[u][v])

    #returns all the adjacent nodes of node
    #as a dictionary with key as the other node
    #and value the weight
    def adj(self,node):
        if node in self.__nodes.keys():
            return self.__nodes[node]

    #adds the node to the graph
    def insert_node(self, node):
        if node not in self.__nodes:
            self.__nodes[node] = dict()

    #adds the edge startN --> endN with weight w
    #that has 0 as default
    def insert_edge(self, startN, endN, w = 0):
        #does nothing if already in
        self.insert_node(startN)
        self.insert_node(endN)
        self.__nodes[startN][endN] = w

    #converts the graph into a string
    def __str__(self):
        out_str = "Nodes:\n" + ",".join(self.__nodes)
        out_str +="\nEdges:\n"
        for u in self.__nodes:
            for v in self.__nodes[u]:
                out_str +="{} --{}--> {}\n".format(u,self.__nodes[u][v],v )
            if len(self.__nodes[u]) == 0:
                out_str +="{}\n".format(u)
        return out_str

if __name__ == "__main__":
    G = Graph()
    for u,v in [ ('a', 'b'), ('a', 'd'), ('b', 'c'),
                ('d', 'a'), ('d', 'c'), ('d', 'e'), ('e', 'c') ]:
        G.insert_edge(u,v)
    for edge in G.edge_iterator():
        print("{} --{}--> {}".format(edge[0],
                                    edge[1],
                                    edge[2]))
    G.insert_node('f')
    print("\nG has {} nodes:".format(len(G)))
    for node in G.node_iterator():
        print("{}".format(node), end= " ")
    print("")
    print(G)
    print("Nodes adjacent to 'd': {}".format(G.adj('d')))
    print("\nNodes adjacent to 'c': {}".format(G.adj('c')))














a --b--> 0
a --d--> 0
b --c--> 0
d --a--> 0
d --c--> 0
d --e--> 0
e --c--> 0

G has 6 nodes:
a b d c e f
Nodes:
a,b,d,c,e,f
Edges:
a --0--> b
a --0--> d
b --0--> c
d --0--> a
d --0--> c
d --0--> e
c
e --0--> c
f

Nodes adjacent to 'd': {'a': 0, 'c': 0, 'e': 0}

Nodes adjacent to 'c': {}
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for node in G.V():
    #do something with the node


for u in G.V():
    #for all starting nodes u
    for v in G.adj(u):
        #for all ending nodes v
        #do something with (u,v)


for node in G.node_iterator():
    #do something with the node

for edge in G.edge_iterator():
    #do something with the edge
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#######
## WARNING WRONG CODE!!!!
#######
from collections import deque()

def BFS(node):
    Q = deque()
    if node != None:
        Q.append(node)

    while len(Q) > 0:
        curNode = Q.popleft()
        if curNode != None:
            print("{}".format(curNode))
            for v in G.adj(curNode):
                Q.append(v)








BFS search
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"CODE NOT SHOWN"

#Drawing a graph in pygraphviz
import pygraphviz as pgv

G=pgv.AGraph(directed=True)
#for u in 'abcdefghkj':
#    G.add_node(u, color = 'black')

#for u,v,c in [('a', 'c', 'black'), ('a', 'f','red'), ('a', 'e','black'), ('c', 'b','black'), ('c', 'd','black'),
#                ('b', 'f','black'), ('d','f','black'),('d','g','black'), ('f','g','red'),('g','j', 'red'),
#               ('e','h','black'), ('h','j','black'), ('k','l','black'), ('d', 'b','black'), ('j','a','blue'),
#               ('g','b','black'), ('j','d','black')]:
#for u, v,c in [('a', 'b','black'), ('b', 'a','black'), ('b', 'c','black'), ('c', 'b','black'), ('c', 'd','black'),
#                ('d', 'c','black'), ('d','b','black'),('b','d','black'), ('d','a','black'),('a','d','black'), ('e','g','black'),
#                 ('g','e','black'), ('e','f','black'), ('f', 'e','black'), ('f','h','black'), ('h','f','black'), ('h','g','black'),
#                ('g','h','black'),('h','i','black'),('i','h','black'),('f','i','black'),('i','f','black'), ('j','k','black'),('k','j','black')]:

for u,v,c in [('a','b', 'black'), ('a','c','black'), ('a','e', 'black'),
             ('c','e','black'), ('b','d','black')]:#, ('e','b', 'black')]:
    G.add_edge(u, v, color=c)

    print(u,v,c)
    G.add_edge(u, v, color=c)




# write to a dot file
#G.write('test.dot')

#create a png file
G.layout(prog='fdp') # use dot
G.draw('test_top_sort.png')













a b black
a c black
a e black
c e black
b d black











DFS iterative in post-order
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%reset -s -f

from collections import deque
import math

class Graph:

    # initializer, nodes are private!
    def __init__(self):
        self.__nodes = dict()

    #returns the size of the Graph
    #accessible through len(Graph)
    def __len__(self):
        return len(self.__nodes)

    #returns the nodes
    def V(self):
        return self.__nodes.keys()

    #a generator of nodes to access all of them
    #once (not a very useful example!)
    def node_iterator(self):
        for n in self.__nodes.keys():
            yield n

    #a generator of edges (as triplets (u,v,w)) to access all of them
    def edge_iterator(self):
        for u in self.__nodes:
            for v in self.__nodes[u]:
                yield (u,v,self.__nodes[u][v])

    #returns all the adjacent nodes of node
    #as a dictionary with key as the other node
    #and value the weight
    def adj(self,node):
        if node in self.__nodes.keys():
            return self.__nodes[node]

    #adds the node to the graph
    def insert_node(self, node):
        if node not in self.__nodes:
            self.__nodes[node] = dict()

    #adds the edge startN --> endN with weight w
    #that has 0 as default
    def insert_edge(self, startN, endN, w = 0):
        #does nothing if already in
        self.insert_node(startN)
        self.insert_node(endN)
        self.__nodes[startN][endN] = w

    #converts the graph into a string
    def __str__(self):
        out_str = "Nodes:\n" + ",".join(self.__nodes)
        out_str +="\nEdges:\n"
        for u in self.__nodes:
            for v in self.__nodes[u]:
                out_str +="{} --{}--> {}\n".format(u,self.__nodes[u][v],v )
            if len(self.__nodes[u]) == 0:
                out_str +="{}\n".format(u)
        return out_str




    def DFS_rec(self, node, visited):
        visited.add(node)
        ## visit node (preorder)
        print("visiting: {}".format(node))
        for u in self.adj(node):
            if u not in visited:
                self.DFS_rec(u, visited)
        ##visit node (post-order)


    def DFS(self, root):
        #stack implemented as deque
        S = deque()
        S.append(root)
        visited = set()
        while len(S) > 0:
            node = S.pop()
            if not node in visited:
                #visit node in preorder
                print("visiting {}".format(node))
                visited.add(node)
                for n in self.adj(node):
                    #visit edge (node,n)
                    S.append(n)

    # Idea:
    # when we find a node we add it to the stack with tag "discovery"
    # if extracted with tag discovery, it is pushed back with tag "finish" and all its neighbors
    # are added
    # When it is extracted with tag finish the post visit is done
    def DFS_postorder(self, root):
        #stack implemented as deque
        S = deque()
        S.append((root, "discovery"))
        visited = set()
        discovered = set()
        discovered.add(root)
        cnt = 0
        while len(S) > 0:
            node,tag = S.pop()
            #print("{} {}".format(node, tag))
            if not node in visited:
                if tag == "discovery":
                    S.append((node, "finished"))
                    for n in self.adj(node):
                        if n not in discovered:
                            S.append((n, "discovery"))
                            discovered.add(n)
                else:
                    #visit the node in postorder:
                    visited.add(node)
                    print("visiting {}".format(node))



if __name__ == "__main__":
    G2 = Graph()
    for u, v in [('a', 'c'), ('a', 'f'), ('a', 'e'), ('c', 'b'), ('c', 'd'),
                ('b', 'f'), ('d','f'),('d','g'), ('f','g'),('g','j'), ('e','h'),
                 ('h','j'), ('k','l'), ('d', 'b'), ('j','a'), ('g','b'), ('j','d')]:
        G2.insert_edge(u,v)
    G2.DFS('a')
    print("DFS from {}")
    visited = set()
    G2.DFS_rec('a', visited)

    print("\nPostorder:")
    G2.DFS_postorder('a')













visiting a
visiting e
visiting h
visiting j
visiting d
visiting b
visiting f
visiting g
visiting c
DFS from a:
visiting: a
visiting: c
visiting: b
visiting: f
visiting: g
visiting: j
visiting: d
visiting: e
visiting: h

Postorder:
visiting b
visiting g
visiting d
visiting j
visiting h
visiting e
visiting f
visiting c
visiting a
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%reset -s -f

from collections import deque
import math

class Graph:

    # initializer, nodes are private!
    def __init__(self):
        self.__nodes = dict()

    #returns the size of the Graph
    #accessible through len(Graph)
    def __len__(self):
        return len(self.__nodes)

    #returns the nodes
    def V(self):
        return self.__nodes.keys()

    #a generator of nodes to access all of them
    #once (not a very useful example!)
    def node_iterator(self):
        for n in self.__nodes.keys():
            yield n

    #a generator of edges (as triplets (u,v,w)) to access all of them
    def edge_iterator(self):
        for u in self.__nodes:
            for v in self.__nodes[u]:
                yield (u,v,self.__nodes[u][v])

    #returns all the adjacent nodes of node
    #as a dictionary with key as the other node
    #and value the weight
    def adj(self,node):
        if node in self.__nodes.keys():
            return self.__nodes[node]

    #adds the node to the graph
    def insert_node(self, node):
        if node not in self.__nodes:
            self.__nodes[node] = dict()

    #adds the edge startN --> endN with weight w
    #that has 0 as default
    def insert_edge(self, startN, endN, w = 0):
        #does nothing if already in
        self.insert_node(startN)
        self.insert_node(endN)
        self.__nodes[startN][endN] = w

    #converts the graph into a string
    def __str__(self):
        out_str = "Nodes:\n" + ",".join(self.__nodes)
        out_str +="\nEdges:\n"
        for u in self.__nodes:
            for v in self.__nodes[u]:
                out_str +="{} --{}--> {}\n".format(u,self.__nodes[u][v],v )
            if len(self.__nodes[u]) == 0:
                out_str +="{}\n".format(u)
        return out_str


    def BFS(self, node):
        Q = deque()
        Q.append(node)
        visited = set()
        visited.add(node)
        print("visiting: {}".format(node))

        while len(Q) > 0:
            curNode = Q.popleft()

            for n in self.adj(curNode):
                if n not in visited:
                    Q.append(n)
                    visited.add(n)
                    print("visiting: {}".format(n))

            #print("visited: {}".format(visited))
            #print("Q: {}".format(list(Q)))

    #computes the distance from root of all nodes
    def get_distance(self, root):
        distances = dict()
        parents = dict()
        for node in self.node_iterator():
            distances[node] = math.inf
            parents[node] = -1
        Q = deque()
        Q.append(root)
        distances[root] = 0
        parents[root] = root
        while len(Q) > 0:
            curNode = Q.popleft()
            for n in self.adj(curNode):
                if distances[n] == math.inf:
                    distances[n] = distances[curNode] + 1
                    parents[n] = curNode
                    Q.append(n)
        return (distances,parents)


    def get_shortest_path(self, start, end):
        #your courtesy
        #returns [start, node,.., end]
        #if shortest path is start --> node --> ... --> end
        D_s_e,P_s_e = self.get_distance(start)
        D_e_s, P_e_s = self.get_distance(end)
        P = []
        s = None
        e = None
        if D_s_e[end] > D_e_s[start]:
            P = P_e_s
            s = end
            e = start
        else:
            P = P_s_e
            s = start
            e = end
        outPath = str(e)
        #this assumes all the nodes are in the
        #parents structure
        curN = e
        while curN != s and curN != -1:
            curN = P[curN]
            outPath = str(curN) + " --> " + outPath
        if str(curN) != s:
            return "Not available"

        return outPath

    def DFS_rec(self, node, visited):
        visited.add(node)
        ## visit node (preorder)
        print("visiting: {}".format(node))
        for u in self.adj(node):
            if u not in visited:
                self.DFS_rec(u, visited)
        ##visit node (post-order)


    def DFS(self, root):
        #stack implemented as deque
        S = deque()
        S.append(root)
        visited = set()
        while len(S) > 0:
            node = S.pop()
            if not node in visited:
                #visit node in preorder
                print("visiting {}".format(node))
                visited.add(node)
                for n in self.adj(node):
                    #visit edge (node,n)
                    S.append(n)







def printPath(startN, endN, parents):
    outPath = str(endN)
    #this assumes all the nodes are in the
    #parents structure
    curN = endN
    while curN != startN and curN != -1:
        curN = parents[curN]
        outPath = str(curN) + " --> " + outPath
    if str(curN) != startN:
        return "Not available"

    return outPath


def cc(G):
    ids = dict()
    for node in G.node_iterator():
        ids[node] = 0
    counter = 0
    for u in G.node_iterator():
        if ids[u] == 0:
            counter += 1
            ccdfs(G, counter, u, ids)
    return (counter, ids)

def ccdfs(G, counter, u, ids):
    ids[u] = counter
    for v in G.adj(u):
        if ids[v] == 0:
            ccdfs(G, counter, v, ids)




if __name__ == "__main__":
    G = Graph()
    for u,v in [ ('a', 'b'), ('a', 'd'), ('b', 'c'),
                ('d', 'a'), ('d', 'c'), ('d', 'e'), ('e', 'c') ]:
        G.insert_edge(u,v)
    for edge in G.edge_iterator():
        print("{} --{}--> {}".format(edge[0],
                                    edge[1],
                                    edge[2]))
    G.insert_node('f')
    print("\nG has {} nodes:".format(len(G)))
    for node in G.node_iterator():
        print("{}".format(node), end= " ")
    print()
    print(G)
    G1 = Graph()

    for u, v in [('a', 'c'), ('a', 'f'), ('a', 'e'), ('c', 'b'), ('c', 'd'),
                ('b', 'f'), ('d','f'),('d','g'), ('f','g'),('g','j'), ('e','h'),
                 ('h','j'), ('k','l')]:
        G1.insert_edge(u,v)
    print("BFS from {}".format('a'))
    G1.BFS('a')


    G2 = Graph()
    for u, v in [('a', 'c'), ('a', 'f'), ('a', 'e'), ('c', 'b'), ('c', 'd'),
                ('b', 'f'), ('d','f'),('d','g'), ('f','g'),('g','j'), ('e','h'),
                 ('h','j'), ('k','l'), ('d', 'b'), ('j','a'), ('g','b'), ('j','d')]:
        G2.insert_edge(u,v)

    D, P = G2.get_distance('b')
    print("Distances from 'b': {}".format(D))
    print("All parents: {}".format(P))
    print("Path from 'b' to 'c': {}".format(printPath('b','c', P)))



    print("Distances from 'a': {}".format(D))
    print("All parents: {}".format(P))

    D, P = G2.get_distance('a')

    print("Path from 'a' to 'j': {}".format(printPath('a','j', P)))
    print("Path from 'a' to 'k': {}".format(printPath('a','k', P)))
    print("Path from 'a' to 'f': {}".format(printPath('a','f', P)))
    print("Path from 'a' to 'h': {}".format(printPath('a','h', P)))

    sp = G2.get_shortest_path('a','j')
    print("Shortest path from 'a' to 'j': {}".format(sp))

    print("DFS from a:")
    G2.DFS('a')
    print("DFS from b:")
    G2.DFS('b')


    myG  = Graph()

    for u, v in [('a', 'b'), ('b', 'a'), ('b', 'c'), ('c', 'b'), ('c', 'd'),
                ('d', 'c'), ('d','b'),('b','d'), ('d','a'),('a','d'), ('e','g'),
                 ('g','e'), ('e','f'), ('f', 'e'), ('f','h'), ('h','f'), ('h','g'),
                ('g','h'),('h','i'),('i','h'),('f','i'),('i','f'), ('j','k'),('k','j')]:
        myG.insert_edge(u,v)

    N, con_comp = cc(myG)
    print("{} connected components:\n{}".format(N,con_comp))













a --b--> 0
a --d--> 0
b --c--> 0
d --a--> 0
d --c--> 0
d --e--> 0
e --c--> 0

G has 6 nodes:
a b d c e f
Nodes:
a,b,d,c,e,f
Edges:
a --0--> b
a --0--> d
b --0--> c
d --0--> a
d --0--> c
d --0--> e
c
e --0--> c
f

BFS from a
visiting: a
visiting: c
visiting: f
visiting: e
visiting: b
visiting: d
visiting: g
visiting: h
visiting: j
Distances from 'b': {'a': 4, 'c': 5, 'f': 1, 'e': 5, 'b': 0, 'd': 4, 'g': 2, 'j': 3, 'h': 6, 'k': inf, 'l': inf}
All parents: {'a': 'j', 'c': 'a', 'f': 'b', 'e': 'a', 'b': 'b', 'd': 'j', 'g': 'f', 'j': 'g', 'h': 'e', 'k': -1, 'l': -1}
Path from 'b' to 'c': b --> f --> g --> j --> a --> c
Distances from 'a': {'a': 4, 'c': 5, 'f': 1, 'e': 5, 'b': 0, 'd': 4, 'g': 2, 'j': 3, 'h': 6, 'k': inf, 'l': inf}
All parents: {'a': 'j', 'c': 'a', 'f': 'b', 'e': 'a', 'b': 'b', 'd': 'j', 'g': 'f', 'j': 'g', 'h': 'e', 'k': -1, 'l': -1}
Path from 'a' to 'j': a --> f --> g --> j
Path from 'a' to 'k': Not available
Path from 'a' to 'f': a --> f
Path from 'a' to 'h': a --> e --> h
Shortest path from 'a' to 'j': j --> a
DFS from a:
visiting a
visiting e
visiting h
visiting j
visiting d
visiting b
visiting f
visiting g
visiting c
DFS from b:
visiting b
visiting f
visiting g
visiting j
visiting d
visiting a
visiting e
visiting h
visiting c
3 connected components:
{'a': 1, 'b': 1, 'c': 1, 'd': 1, 'e': 2, 'g': 2, 'f': 2, 'h': 2, 'i': 2, 'j': 3, 'k': 3}
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from collections import deque
import math

class Graph:

"""..."""

    #computes the distance from root of all nodes
    def get_distance(self, root):
        distances = dict()
        parents = dict()
        for node in self.node_iterator():
            distances[node] = math.inf
            parents[node] = -1
        Q = deque()
        Q.append(root)
        distances[root] = 0
        parents[root] = root
        while len(Q) > 0:
            curNode = Q.popleft()
            for n in self.adj(curNode):
                if distances[n] == math.inf:
                    distances[n] = distances[curNode] + 1
                    parents[n] = curNode
                    Q.append(n)
        return (distances,parents)













  File "<ipython-input-19-a076d7bf5053>", line 6
    """..."""
            ^
IndentationError: expected an indented block










Cycle detection (un-directed graphs)

The recursive visit does a DFS and it checks for each node if it back-connects to form a cycle. At each call we need to remember where we came from to avoid trivial loops.
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def has_cycleRec(G, u, from_node, visited):
    visited.add(u)
    for v in G.adj(u):
        if v != from_node: #to avoid trivial cycles
            if v in visited:
                return True
            else:
                #continue with the visit to check
                #if there are cycles
                if has_cycleRec(G,v, u, visited):
                    return True
    return False


def has_cycle(G):
    visited = set()
    #I  am starting the visit from all nodes
    for node in G.node_iterator():
        if node not in visited:
            if has_cycleRec(G, node, None, visited):
                return True
    return False


myG  = Graph()

for u, v in [('a', 'b'), ('b', 'a'), ('b', 'c'), ('c', 'b'), ('c', 'd'),
            ('d', 'c'), ('c','e'),('e','c'), ('d','a'),('a','d'), ('e','d'),
             ('d','e')]:
    myG.insert_edge(u,v)

print(has_cycle(myG))

myG  = Graph()
for u, v in [('a', 'b'), ('b', 'a'), ('b', 'c'), ('c', 'b'), ('c', 'd'),
            ('d', 'c'), ('c','e'),('e','c'), ('e','d'),
             ('d','e')]:
    myG.insert_edge(u,v)

print(has_cycle(myG))


myG  = Graph()
for u, v in [('a', 'b'), ('b', 'a'), ('b', 'c'), ('c', 'b'),
             ('c','e'),('e','c'), ('e','d'),
             ('d','e')]:
    myG.insert_edge(u,v)

print(has_cycle(myG))













---------------------------------------------------------------------------
NameError                                 Traceback (most recent call last)
<ipython-input-2-b3364a3a3998> in <module>
     23
     24
---> 25 myG  = Graph()
     26
     27 for u, v in [('a', 'b'), ('b', 'a'), ('b', 'c'), ('c', 'b'), ('c', 'd'),

NameError: name 'Graph' is not defined







DFS schema
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clock = 0

def dfs_schema(G, node, dt, ft):
    #clock: visit time (global variable)
    #dt: discovery time
    #ft: finish time
    global clock

    clock += 1
    dt[node] = clock
    print("Start time {}: {}".format(node, clock))

    for v in G.adj(node):
        if dt[v] == 0:
            #DFS VISIT edge
            #visit the edge (node,v)
            print("\tDFS edge: {} --> {}".format(node, v))
            dfs_schema(G,v, dt, ft)
        elif dt[node] > dt[v] and ft[v] == 0:
            #BACK EDGE
            #visit the back edge (node,v)
            print("\tBack edge: {}--> {}".format(node,v))
        elif dt[node] < dt[v] and ft[v] != 0:
            #FORWARD EDGE
            #visit the forward edge (node,v)
            print("\tForward edge: {}--> {}".format(node,v))
        else:
            #CROSS EDGE
            print("\tCross edge: {} --> {}".format(node,v))
    clock += 1
    ft[node] = clock
    print("Finish time {}: {}".format(node,clock))
    return dt,ft


G = Graph()

for u,v,c in [('a','b', 'black'), ('a','c','black'), ('a','d', 'black'),
             ('d','a','black'), ('d','b','black'), ('b','c', 'black'),
             ('e','c','black')]:
    print(u,v,c)
    G.insert_edge(u,v)

dt = dict()
df = dict()
for node in G.node_iterator():
    dt[node] = 0
    df[node] = 0

#print(G)
#clock = 0
s,e = dfs_schema(G,'a',  dt, df)
s,e = dfs_schema(G,'e',  dt, df)
print("Discovery times:{}".format(s))
print("Finish times: {}".format(e))
















a b black
a c black
a d black
d a black
d b black
b c black
e c black
Start time a: 1
        DFS edge: a --> b
Start time b: 2
        DFS edge: b --> c
Start time c: 3
Finish time c: 4
Finish time b: 5
        Forward edge: a--> c
        DFS edge: a --> d
Start time d: 6
        Back edge: d--> a
        Cross edge: d --> b
Finish time d: 7
Finish time a: 8
Start time e: 9
        Cross edge: e --> c
Finish time e: 10
Discovery times:{'a': 1, 'b': 2, 'c': 3, 'd': 6, 'e': 9}
Finish times: {'a': 8, 'b': 5, 'c': 4, 'd': 7, 'e': 10}









Cycle check in ordered graphs
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def detect_cycle(G):
    dt = dict()
    ft = dict()
    global clock

    def has_cycle(G, node, dt, ft):
        #clock: visit time (global variable)
        #dt: discovery time
        #ft: finish time
        global clock

        clock += 1
        dt[node] = clock
        for v in G.adj(node):
            if dt[v] == 0:
                #DFS VISIT edge
                if has_cycle(G,v, dt, ft):
                    return True
            elif dt[node] > dt[v] and ft[v] == 0:
                #BACK EDGE
                #CYCLE FOUND!!!!
                print("Back edge: {} --> {}".format(node,v))
                return True
            ## Note we are not interested
            ## in forward and cross edges

        clock += 1
        ft[node] = clock
        return False


    for node in G.node_iterator():
        dt[node] = 0
        ft[node] = 0
    clock = 1
    for u in G.node_iterator():
        if ft[u] == 0:
            if has_cycle(G,u, dt, ft):
                return True
    return False



G = Graph()

for u,v,c in [('a','b', 'black'), ('a','c','black'), ('a','d', 'black'),
             ('d','a','black'), ('d','b','black'), ('b','c', 'black'),
             ('e','c','black')]:
    print(u,v,c)
    G.insert_edge(u,v)
print(G)

print("Does G have a cycle? {}".format(detect_cycle(G)))


G = Graph()

for u,v,c in [('a','b', 'black'), ('b','c','black'), ('a','c', 'black')]:
    print(u,v,c)
    G.insert_edge(u,v)
print(G)

print("Does G have a cycle? {}".format(detect_cycle(G)))


G = Graph()

for u,v,c in [('a','b', 'black'), ('b','c','black'), ('c','a', 'black')]:
    print(u,v,c)
    G.insert_edge(u,v)
print(G)

print("Does G have a cycle? {}".format(detect_cycle(G)))














a b black
a c black
a d black
d a black
d b black
b c black
e c black
Nodes:
a,b,c,d,e
Edges:
a --0--> b
a --0--> c
a --0--> d
b --0--> c
c
d --0--> a
d --0--> b
e --0--> c

Back edge: d --> a
Does G have a cycle? True
a b black
b c black
a c black
Nodes:
a,b,c
Edges:
a --0--> b
a --0--> c
b --0--> c
c

Does G have a cycle? False
a b black
b c black
c a black
Nodes:
a,b,c
Edges:
a --0--> b
b --0--> c
c --0--> a

Back edge: c --> a
Does G have a cycle? True









Topological sort of a DAG

Idea: perform a DFS visit and when the visit of a node is finished (post-order) add the node to a stack. The stack at the end contains the nodes in one of the possible topological orders.
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class Stack:

    # initializer, the inner structure is a list
    # data is added at the end of the list
    # for speed
    def __init__(self):
        self.__data = []

    # returns the length of the stack (size)
    def __len__(self):
        return len(self.__data)

    # returns True if stack is empty
    def isEmpty(self):
        return len(self.__data) == 0

    # returns the last inserted item of the stack
    # and shrinks the stack
    def pop(self):
        if len(self.__data) > 0:
            return self.__data.pop()


    # returns the last inserted element without
    # removing it (None if empty)
    def peek(self):
        if len(self.__data) > 0:
            return self.__data[-1]
        else:
            return None

    # adds an element to the stack
    def push(self, item):
        self.__data.append(item)

    # transforms the Stack into a string
    def __str__(self):
        if len(self.__data) == 0:
            return "Stack([])"
        else:
            out = "Stack(" + str(self.__data[-1])
            for i in range(len(self.__data) -2,-1, -1):
                out += " | " + str(self.__data[i])
            out += ")"
            return out



def top_sort(G):
    S = Stack()
    visited = set()
    for u in G.node_iterator():
        if u not in visited:
            top_sortRec(G, u, visited, S)
    return S


def top_sortRec(G, u, visited, S):
    visited.add(u)
    for v in G.adj(u):
        if v not in visited:
            top_sortRec(G,v,visited,S)
    S.push(u)



G = Graph()
for u,v,c in [('a','c','black'), ('a','b', 'black'), ('c','e','black'), ('a','e', 'black'),
              ('b','d','black')]:

    G.insert_edge(u,v)
print(top_sort(G))

G = Graph()
for u,v,c in [('a','b', 'black'), ('a','c','black'), ('a','e', 'black'),
             ('c','e','black'), ('b','d','black'), ('e','b', 'black')]:

    G.insert_edge(u,v)
print(top_sort(G))













Stack(a | b | d | c | e)
Stack(a | c | e | b | d)









Strongly connected components (SCC)


[15]:






class Stack:

    # initializer, the inner structure is a list
    # data is added at the end of the list
    # for speed
    def __init__(self):
        self.__data = []

    # returns the length of the stack (size)
    def __len__(self):
        return len(self.__data)

    # returns True if stack is empty
    def isEmpty(self):
        return len(self.__data) == 0

    # returns the last inserted item of the stack
    # and shrinks the stack
    def pop(self):
        if len(self.__data) > 0:
            return self.__data.pop()


    # returns the last inserted element without
    # removing it (None if empty)
    def peek(self):
        if len(self.__data) > 0:
            return self.__data[-1]
        else:
            return None

    # adds an element to the stack
    def push(self, item):
        self.__data.append(item)

    # transforms the Stack into a string
    def __str__(self):
        if len(self.__data) == 0:
            return "Stack([])"
        else:
            out = "Stack(" + str(self.__data[-1])
            for i in range(len(self.__data) -2,-1, -1):
                out += " | " + str(self.__data[i])
            out += ")"
            return out


def top_sort(G):
    S = Stack()
    visited = set()
    for u in G.node_iterator():
        if u not in visited:
            top_sortRec(G, u, visited, S)
    return S


def top_sortRec(G, u, visited, S):
    visited.add(u)
    for v in G.adj(u):
        if v not in visited:
            top_sortRec(G,v,visited,S)
    S.push(u)



def scc(G):
    #performs a topological sort of G
    S = top_sort(G)
    print(S)
    #Transposes G
    GT = transpose(G)
    #modified version of CC algo that
    #gets starting nodes off the stack S
    counter, ids = cc(GT,S)
    return (counter,ids)



def transpose(G):
    tmpG = Graph()
    for u in G.node_iterator():
        for v in G.adj(u):
            tmpG.insert_edge(v,u)
    return tmpG



def cc(G, S):
    ids = dict()
    for node in G.node_iterator():
        ids[node] = 0
    counter = 0
    while len(S) > 0:
        u = S.pop()
        if ids[u] == 0:
            counter += 1
            ccdfs(G, counter, u, ids)
    return (counter, ids)

def ccdfs(G, counter, u, ids):
    ids[u] = counter
    for v in G.adj(u):
        if ids[v] == 0:
            ccdfs(G, counter, v, ids)


G = Graph()
for u,v,c in [('a','b', 'black'), ('b','c','black'), ('a','d', 'black'),
             ('c','e','black'), ('d','c','black'), ('e','d', 'black'),
              ('e','f','black'), ('f','c','black')]:

    G.insert_edge(u,v)


print(G)
c,i = scc(G)
print("Components: {}\nIds:{}".format(c,i))


G1 = Graph()
for u,v,c in [('a','b', 'black'), ('b','c','black'), ('a','d', 'black'),
             ('c','e','black'), ('d','c','black'), ('e','d', 'black'),
              ('e','f','black'), ('f','c','black'), ('f','g','black')]:

    G1.insert_edge(u,v)
print(G1)
c,i = scc(G1)
print("Components: {}\nIds:{}".format(c,i))













Nodes:
a,b,c,d,e,f
Edges:
a --0--> b
a --0--> d
b --0--> c
c --0--> e
d --0--> c
e --0--> d
e --0--> f
f --0--> c

Stack(a | b | c | e | f | d)
Components: 3
Ids:{'b': 2, 'a': 1, 'd': 3, 'c': 3, 'e': 3, 'f': 3}
Nodes:
a,b,c,d,e,f,g
Edges:
a --0--> b
a --0--> d
b --0--> c
c --0--> e
d --0--> c
e --0--> d
e --0--> f
f --0--> c
f --0--> g
g

Stack(a | b | c | e | f | g | d)
Components: 4
Ids:{'b': 2, 'a': 1, 'd': 3, 'c': 3, 'e': 3, 'f': 3, 'g': 4}









Complexity of visits

Complexity: \(O(n+m)\)


	every node is inserted in the queue at most once;


	whenever a node is extracted all its edges are analyzed once and only once;


	number of edges analyzed:


\[m = \sum_{u \in V} out\_degree(u)\]
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Tree Abstract Data Type - supporting code

When implementing a tree we can define a node object and then a tree object that stores nodes.

We will use the more compact way which is to use the recursive definition of a tree.


Binary Tree

[image: image0]
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"""This could go to BinaryTree.py"""

class BinaryTree:
    #the initializer, set the data
    #all pointers empty
    def __init__(self, value):
        self.__data = value
        self.__right = None
        self.__left = None
        self.__parent = None

    #returns the value
    def getValue(self):
        return self.__data

    #sets the value
    def setValue(self, newval):
        self.__data = newval

    #gets the parent
    def getParent(self):
        return self.__parent

    #sets the parent
    #NOTE: needed because we are using
    #private attributes
    def setParent(self, tree):
        self.__parent = tree

    #gets the right child
    def getRight(self):
        return self.__right

    #gets the left child
    def getLeft(self):
        return self.__left

    #set the right child
    def insertRight(self, tree):
        if self.__right == None:
            self.__right = tree
            tree.setParent(self)

    #sets the left child
    def insertLeft(self, tree):
        if self.__left == None:
            self.__left = tree
            tree.setParent(self)
    #deletes the right subtree
    def deleteRight(self):
        self.__right = None
    #deletes the left subtree
    def deleteLeft(self):
        self.__left = None


    #recursive_delete!
    def delete_rec(self):
        if self.__right != None:
            r = self.getRight()
            print("Delete right {}".format(r.getValue()))
            r.delete_rec()
            self.__right = None

        if self.__left != None:
            l = self.getLeft()
            print("Delete left {}".format(l.getValue()))
            l.delete_rec()
            self.__left = None
        if self.__parent.getRight() == self:
            self.__parent.__right = None
        else:
            self.__parent.__left = None
        self.__parent = None


def printTree(root):
    cur = root
    #each element is a node and a depth
    #depth is used to format prints (with tabs)
    nodes = [(cur,0)]
    tabs = ""
    lev = 0
    while len(nodes) >0:
        cur, lev = nodes.pop(-1)
        if cur.getRight() != None:
            print ("{}{} (r)-> {}".format("\t"*lev,
                                          cur.getValue(),
                                          cur.getRight().getValue()))
            nodes.append((cur.getRight(), lev+1))
        if cur.getLeft() != None:
            print ("{}{} (l)-> {}".format("\t"*lev,
                                          cur.getValue(),
                                          cur.getLeft().getValue()))
            nodes.append((cur.getLeft(), lev+1))

def DFS(node, kind = "preorder"):
    if node != None:
        if kind == "preorder":
            print("{}".format(node.getValue()))
        DFS(node.getLeft(), kind = kind)
        if kind == "inorder":
            print("{}".format(node.getValue()))
        DFS(node.getRight(), kind = kind)
        if kind == "postorder":
            print("{}".format(node.getValue()))


from collections import deque

def BFS(node):
        Q = deque()
        if node != None:
            Q.append(node)

        while len(Q) > 0:
            curNode = Q.popleft()
            if curNode != None:
                print("{}".format(curNode.getValue()))
                Q.append(curNode.getLeft())
                Q.append(curNode.getRight())

def getWidth(tree):
    """gets the width of the tree"""
    if tree == None:
        return 0

    level = [tree]
    res = 1
    while len(level) > 0:
        print("Level: {}".format([x.getValue() for x in level]))
        tmp = []
        for t in level:
            r = t.getRight()
            l = t.getLeft()
            if r != None:
                tmp.append(r)
            if l != None:
                tmp.append(l)
        res = max(res,len(tmp))
        level = tmp

    return res

def getMinHeight(tree):
    """gets the minimum height of the tree in nodes"""
    if tree == None:
        return 0

    level = [tree]
    res = 0
    while len(level) > 0:
        tmp = []
        for t in level:
            r = t.getRight()
            l = t.getLeft()
            if r == None and l == None:
                return res
            else:
                if r != None:
                    tmp.append(r)
                if l != None:
                    tmp.append(l)
        level = tmp
        res += 1
    return res


def nodesAtLevel(tree,k):
    """returns the number of nodes at level k"""
    if tree == None:
        return 0

    level = [tree]
    cnt = 0
    while cnt != k and len(level) > 0:
        tmp = []
        for t in level:
            r = t.getRight()
            l = t.getLeft()
            if l != None:
                tmp.append(l)
            if r != None:
                tmp.append(r)

        level = tmp
        cnt += 1
    if len(level) == 0:
        return None
    else:
        vals = [x.getValue() for x in level if x != None]
        return vals

def count_nodes(tree):
    """counts the nodes of each (sub)tree rooted at 'tree'"""
    if tree == None:
        return 0
    else:
        l = count_nodes(tree.getLeft())
        r = count_nodes(tree.getRight())
        return l + r + 1 #the count of the right, that of the left + the root

if __name__ == "__main__":
    BT = BinaryTree("Root")
    bt1 = BinaryTree(1)
    bt2 = BinaryTree(2)
    bt3 = BinaryTree(3)
    bt4 = BinaryTree(4)
    bt5 = BinaryTree(5)
    bt6 = BinaryTree(6)
    bt5a = BinaryTree("5a")
    bt5b = BinaryTree("5b")
    bt5c = BinaryTree("5c")

    BT.insertLeft(bt1)
    BT.insertRight(bt2)
    bt2.insertLeft(bt3)
    bt3.insertLeft(bt4)
    bt3.insertRight(bt5)
    bt2.insertRight(bt6)
    bt1.insertRight(bt5b)
    bt1.insertLeft(bt5a)
    bt5b.insertRight(bt5c)
    printTree(BT)
    #bt1.delete_rec()
    #printTree(BT)
    #exit(1)

    #print("\nDelete right branch of 2")
    #bt2.deleteRight()
    #printTree(BT)

    #print("\nInsert left branch of 5")
    #newN = BinaryTree("child of 5")
    #bt5.insertLeft(newN)
    #printTree(BT)
    print("\nPreorder visit")
    DFS(BT, kind = "preorder")
    print("\nInorder visit")
    DFS(BT, kind = "inorder")
    print("\nPostorder visit")
    DFS(BT, kind = "postorder")

    print("\n\nBFS visit:")
    BFS(BT)

    exer = BinaryTree('A')
    e1 = BinaryTree('E')
    e2 = BinaryTree('D')
    e3 = BinaryTree('B')
    e4 = BinaryTree('G')
    e5 = BinaryTree('F')
    e6 = BinaryTree('I')
    e7 = BinaryTree('C')
    e8 = BinaryTree('H')
    exer.insertLeft(e1)
    exer.insertRight(e2)
    e1.insertLeft(e3)
    e1.insertRight(e5)
    e2.insertRight(e6)
    e6.insertLeft(e8)
    e5.insertRight(e7)
    e5.insertLeft(e4)
    print("\nPreorder visit")
    DFS(exer, kind = "preorder")
    print("\nInorder visit")
    DFS(exer, kind = "inorder")
    print("\nPostorder visit")
    DFS(exer, kind = "postorder")

    print("Width of tree: {}".format(getWidth(exer)))

    print("Min height of tree: {}".format(getMinHeight(exer)))

    print("Nodes at level 1: {}".format(nodesAtLevel(exer,1)))
    print("Nodes at level 2: {}".format(nodesAtLevel(exer,2)))


    #Let's count the nodes now!
    print("\n\nNodes count:")
    nodes = deque() #operations are O(1)
    nodes.append(exer)
    while len(nodes) > 0:
        n = nodes.popleft()
        if n != None:
            nodes.append(n.getLeft())
            nodes.append(n.getRight())
            print("The tree rooted at '{}' has {} nodes".format(n.getValue(), count_nodes(n)))













Root (r)-> 2
Root (l)-> 1
        1 (r)-> 5b
        1 (l)-> 5a
                5b (r)-> 5c
        2 (r)-> 6
        2 (l)-> 3
                3 (r)-> 5
                3 (l)-> 4

Preorder visit
Root
1
5a
5b
5c
2
3
4
5
6

Inorder visit
5a
1
5b
5c
Root
4
3
5
2
6

Postorder visit
5a
5c
5b
1
4
5
3
6
2
Root


BFS visit:
Root
1
2
5a
5b
3
6
5c
4
5

Preorder visit
A
E
B
F
G
C
D
I
H

Inorder visit
B
E
G
F
C
A
D
H
I

Postorder visit
B
G
C
F
E
H
I
D
A
Level: ['A']
Level: ['D', 'E']
Level: ['I', 'F', 'B']
Level: ['H', 'C', 'G']
Width of tree: 3
Min height of tree: 2
Nodes at level 1: ['E', 'D']
Nodes at level 2: ['B', 'F', 'I']


Nodes count:
The tree rooted at 'A' has 9 nodes
The tree rooted at 'E' has 5 nodes
The tree rooted at 'D' has 3 nodes
The tree rooted at 'B' has 1 nodes
The tree rooted at 'F' has 3 nodes
The tree rooted at 'I' has 2 nodes
The tree rooted at 'G' has 1 nodes
The tree rooted at 'C' has 1 nodes
The tree rooted at 'H' has 1 nodes






[image: image0] [image: image1] [image: image2] [image: image3]

where I is on the right of D and H is on the left of I
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"CODE NOT SHOWN"

#Drawing a graph in pygraphviz
import pygraphviz as pgv

G=pgv.AGraph(directed=True)

#Attributes can be added when adding nodes or edge
G.add_node("Root", color='red')

G.add_node("1", color='blue')
G.add_node("2", color='blue')
G.add_node("3", color='blue')
G.add_node("4", color='black')
G.add_node("5", color='blue')
G.add_node("5a", color='black')
G.add_node("5b", color='blue')
G.add_node("5c", color='black')
G.add_edge("Root" ,"2", color='blue')
G.add_edge("Root", "1", color='blue')
G.add_edge("2" ,"3", color='blue')
#G.add_edge("2" ,"6", color='blue')
G.add_edge("3" ,"4", color='blue')
G.add_edge("3" ,"5", color='blue')
G.add_edge("1" ,"5a", color='blue')
G.add_edge("1" ,"5b", color='blue')
G.add_edge("5b" ,"5c", color='blue')
G.add_edge("5", "child of 5", color='blue')
# write to a dot file
#G.write('test.dot')

#create a png file
G.layout(prog='dot') # use dot
G.draw('img/bintree2.png')
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"CODE NOT SHOWN"

#Drawing a graph in pygraphviz
import pygraphviz as pgv

G=pgv.AGraph(directed=True)

#Attributes can be added when adding nodes or edge
G.add_node("A", color='blue')
G.add_node("E", color='blue')
G.add_node("D", color='blue')
G.add_node("B", color='blue')
G.add_node("F", color='blue')
G.add_node("I", color='blue')
G.add_node("G", color='blue')
G.add_node("C", color='blue')
G.add_node("H", color='blue')
G.add_edge("A" ,"E", color='blue')
G.add_edge("A", "D", color='blue')
G.add_edge("E" ,"B", color='blue')
G.add_edge("E" ,"F", color='blue')
G.add_edge("F" ,"G", color='blue')
G.add_edge("F" ,"C", color='blue')
G.add_edge("D" ,"I", color='blue')
G.add_edge("I" ,"H", color='blue')

# write to a dot file
#G.write('test.dot')

#create a png file
G.layout(prog='dot') # use dot
G.draw('img/tree_exer.png')
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Backtracking code

Finding all subsets of integers in \({0,..., n-1}\):
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%reset -s -f

def process_solution(S):
    for i in range(len(S)):
        print(S[i], end = " ")
    print("")
    return False

def subsets(S,n,i):
    #print("subsets({},{},{})".format(S,n,i))
    C = [1, 0] if i<n else []
    for c in C:
        S[i] = c
        if i == n-1:
            #print("\t\tS:{} c:{} i:{}".format(S,c,i))
            if process_solution(S):
                return True
        else:
            #print("\tCalling:  subsets({},{},{})".format(S,n,i+1))
            subsets(S,n,i+1)
    return False

n = 5
S = [0]*n
subsets(S,n,0)













1 1 1 1 1
1 1 1 1 0
1 1 1 0 1
1 1 1 0 0
1 1 0 1 1
1 1 0 1 0
1 1 0 0 1
1 1 0 0 0
1 0 1 1 1
1 0 1 1 0
1 0 1 0 1
1 0 1 0 0
1 0 0 1 1
1 0 0 1 0
1 0 0 0 1
1 0 0 0 0
0 1 1 1 1
0 1 1 1 0
0 1 1 0 1
0 1 1 0 0
0 1 0 1 1
0 1 0 1 0
0 1 0 0 1
0 1 0 0 0
0 0 1 1 1
0 0 1 1 0
0 0 1 0 1
0 0 1 0 0
0 0 0 1 1
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0







[1]:







False
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%reset -s -f

def process_solution(S):
    for i in range(len(S)):
        print(S[i], end = " ")
    print("")
    return False

def subsets(S,n,i, counter):
    print("subsets({},{},{},{})".format(S,n,i, counter))
    C = [1, 0] if i<n else []
    #print(C)
    for c in C:
        S[i] = c

        if i == n-1:
            print("S:{} c:{} i:{} counter:{}".format(S,c,i,counter))
            if process_solution(S):
                return True
        else:
            print("Calling:  subsets({},{},{})".format(S,n,i+1))
            subsets(S,n,i+1, counter)
        counter += 1
    return False

n = 5
S = [0]*n
print("\n\n\n\n")
subsets(S,n,0,0)



















subsets([0, 0, 0, 0, 0],5,0,0)
Calling:  subsets([1, 0, 0, 0, 0],5,1)
subsets([1, 0, 0, 0, 0],5,1,0)
Calling:  subsets([1, 1, 0, 0, 0],5,2)
subsets([1, 1, 0, 0, 0],5,2,0)
Calling:  subsets([1, 1, 1, 0, 0],5,3)
subsets([1, 1, 1, 0, 0],5,3,0)
Calling:  subsets([1, 1, 1, 1, 0],5,4)
subsets([1, 1, 1, 1, 0],5,4,0)
S:[1, 1, 1, 1, 1] c:1 i:4 counter:0
1 1 1 1 1
S:[1, 1, 1, 1, 0] c:0 i:4 counter:1
1 1 1 1 0
Calling:  subsets([1, 1, 1, 0, 0],5,4)
subsets([1, 1, 1, 0, 0],5,4,1)
S:[1, 1, 1, 0, 1] c:1 i:4 counter:1
1 1 1 0 1
S:[1, 1, 1, 0, 0] c:0 i:4 counter:2
1 1 1 0 0
Calling:  subsets([1, 1, 0, 0, 0],5,3)
subsets([1, 1, 0, 0, 0],5,3,1)
Calling:  subsets([1, 1, 0, 1, 0],5,4)
subsets([1, 1, 0, 1, 0],5,4,1)
S:[1, 1, 0, 1, 1] c:1 i:4 counter:1
1 1 0 1 1
S:[1, 1, 0, 1, 0] c:0 i:4 counter:2
1 1 0 1 0
Calling:  subsets([1, 1, 0, 0, 0],5,4)
subsets([1, 1, 0, 0, 0],5,4,2)
S:[1, 1, 0, 0, 1] c:1 i:4 counter:2
1 1 0 0 1
S:[1, 1, 0, 0, 0] c:0 i:4 counter:3
1 1 0 0 0
Calling:  subsets([1, 0, 0, 0, 0],5,2)
subsets([1, 0, 0, 0, 0],5,2,1)
Calling:  subsets([1, 0, 1, 0, 0],5,3)
subsets([1, 0, 1, 0, 0],5,3,1)
Calling:  subsets([1, 0, 1, 1, 0],5,4)
subsets([1, 0, 1, 1, 0],5,4,1)
S:[1, 0, 1, 1, 1] c:1 i:4 counter:1
1 0 1 1 1
S:[1, 0, 1, 1, 0] c:0 i:4 counter:2
1 0 1 1 0
Calling:  subsets([1, 0, 1, 0, 0],5,4)
subsets([1, 0, 1, 0, 0],5,4,2)
S:[1, 0, 1, 0, 1] c:1 i:4 counter:2
1 0 1 0 1
S:[1, 0, 1, 0, 0] c:0 i:4 counter:3
1 0 1 0 0
Calling:  subsets([1, 0, 0, 0, 0],5,3)
subsets([1, 0, 0, 0, 0],5,3,2)
Calling:  subsets([1, 0, 0, 1, 0],5,4)
subsets([1, 0, 0, 1, 0],5,4,2)
S:[1, 0, 0, 1, 1] c:1 i:4 counter:2
1 0 0 1 1
S:[1, 0, 0, 1, 0] c:0 i:4 counter:3
1 0 0 1 0
Calling:  subsets([1, 0, 0, 0, 0],5,4)
subsets([1, 0, 0, 0, 0],5,4,3)
S:[1, 0, 0, 0, 1] c:1 i:4 counter:3
1 0 0 0 1
S:[1, 0, 0, 0, 0] c:0 i:4 counter:4
1 0 0 0 0
Calling:  subsets([0, 0, 0, 0, 0],5,1)
subsets([0, 0, 0, 0, 0],5,1,1)
Calling:  subsets([0, 1, 0, 0, 0],5,2)
subsets([0, 1, 0, 0, 0],5,2,1)
Calling:  subsets([0, 1, 1, 0, 0],5,3)
subsets([0, 1, 1, 0, 0],5,3,1)
Calling:  subsets([0, 1, 1, 1, 0],5,4)
subsets([0, 1, 1, 1, 0],5,4,1)
S:[0, 1, 1, 1, 1] c:1 i:4 counter:1
0 1 1 1 1
S:[0, 1, 1, 1, 0] c:0 i:4 counter:2
0 1 1 1 0
Calling:  subsets([0, 1, 1, 0, 0],5,4)
subsets([0, 1, 1, 0, 0],5,4,2)
S:[0, 1, 1, 0, 1] c:1 i:4 counter:2
0 1 1 0 1
S:[0, 1, 1, 0, 0] c:0 i:4 counter:3
0 1 1 0 0
Calling:  subsets([0, 1, 0, 0, 0],5,3)
subsets([0, 1, 0, 0, 0],5,3,2)
Calling:  subsets([0, 1, 0, 1, 0],5,4)
subsets([0, 1, 0, 1, 0],5,4,2)
S:[0, 1, 0, 1, 1] c:1 i:4 counter:2
0 1 0 1 1
S:[0, 1, 0, 1, 0] c:0 i:4 counter:3
0 1 0 1 0
Calling:  subsets([0, 1, 0, 0, 0],5,4)
subsets([0, 1, 0, 0, 0],5,4,3)
S:[0, 1, 0, 0, 1] c:1 i:4 counter:3
0 1 0 0 1
S:[0, 1, 0, 0, 0] c:0 i:4 counter:4
0 1 0 0 0
Calling:  subsets([0, 0, 0, 0, 0],5,2)
subsets([0, 0, 0, 0, 0],5,2,2)
Calling:  subsets([0, 0, 1, 0, 0],5,3)
subsets([0, 0, 1, 0, 0],5,3,2)
Calling:  subsets([0, 0, 1, 1, 0],5,4)
subsets([0, 0, 1, 1, 0],5,4,2)
S:[0, 0, 1, 1, 1] c:1 i:4 counter:2
0 0 1 1 1
S:[0, 0, 1, 1, 0] c:0 i:4 counter:3
0 0 1 1 0
Calling:  subsets([0, 0, 1, 0, 0],5,4)
subsets([0, 0, 1, 0, 0],5,4,3)
S:[0, 0, 1, 0, 1] c:1 i:4 counter:3
0 0 1 0 1
S:[0, 0, 1, 0, 0] c:0 i:4 counter:4
0 0 1 0 0
Calling:  subsets([0, 0, 0, 0, 0],5,3)
subsets([0, 0, 0, 0, 0],5,3,3)
Calling:  subsets([0, 0, 0, 1, 0],5,4)
subsets([0, 0, 0, 1, 0],5,4,3)
S:[0, 0, 0, 1, 1] c:1 i:4 counter:3
0 0 0 1 1
S:[0, 0, 0, 1, 0] c:0 i:4 counter:4
0 0 0 1 0
Calling:  subsets([0, 0, 0, 0, 0],5,4)
subsets([0, 0, 0, 0, 0],5,4,4)
S:[0, 0, 0, 0, 1] c:1 i:4 counter:4
0 0 0 0 1
S:[0, 0, 0, 0, 0] c:0 i:4 counter:5
0 0 0 0 0







[2]:







False
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def subsets(n):
    for i in range(0,2**n):
        #i is a bit mask!
        tmp_str = "{0:0"+ str(n)+ "b}"
        print(tmp_str.format(i))

subsets(5)















00000
00001
00010
00011
00100
00101
00110
00111
01000
01001
01010
01011
01100
01101
01110
01111
10000
10001
10010
10011
10100
10101
10110
10111
11000
11001
11010
11011
11100
11101
11110
11111






List all possible subsets of \({1,.., n}\) having \(k\) elements (size = \(k\))

\(O(n \cdot 2^{n})\)


[4]:






#Iterative version

%reset -s -f


def subsets(n, k):
    for i in range(0,2**n):
        #i is a bit mask!
        str_tmp = "{0:0" + str(n) + "b}"
        b = str_tmp.format(i)
        sets = [x for x in range(len(b)) if int(b[x]) == 1]
        if len(sets) == k:
            print("{} --> subset: {}".format(b,sets))

subsets(5,3)













00111 --> subset: [2, 3, 4]
01011 --> subset: [1, 3, 4]
01101 --> subset: [1, 2, 4]
01110 --> subset: [1, 2, 3]
10011 --> subset: [0, 3, 4]
10101 --> subset: [0, 2, 4]
10110 --> subset: [0, 2, 3]
11001 --> subset: [0, 1, 4]
11010 --> subset: [0, 1, 3]
11100 --> subset: [0, 1, 2]
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%reset -s -f

g_cnt = 0
def admissible(S,k):
    return sum(S) == k

def process_solution(S):
    for i in S:
        print(i, end = "")
    print("")
    return False

def subsets(S, k, n, i ):
    C = [1,0]
    global g_cnt
    for c in C:
        g_cnt += 1
        S[i] = c
        if i == n-1:
            if admissible(S, k):
                #print(S)
                process_solution(S)
        else:
            subsets(S, k, n, i+1)

n = 5
k = 3
S = [0]*n
subsets(S, 3, 5, 0)
print(g_cnt)













11100
11010
11001
10110
10101
10011
01110
01101
01011
00111
62






Improving the code a little bit…
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%reset -s -f

def process_solution(S):
    sets = []
    for i in range(len(S)):
        print(S[i], end = "")
        if S[i] == 1:
            sets.append(i)
    print(" -> {}".format(sets))
    return False


def subsets(S, k, n, i, count ):
    C = [1,0]
    for c in C:
        S[i] = c
        count = count + c
        if i == n-1:
            if count ==  k:
                #print(S)
                process_solution(S)
        else:
            subsets(S, k, n, i+1, count)
        #backtracking:
        #print(count)
        count = count -c

n = 5
k = 3
S = [0]*n
subsets(S, k, n, 0, 0)















11100 -> [0, 1, 2]
11010 -> [0, 1, 3]
11001 -> [0, 1, 4]
10110 -> [0, 2, 3]
10101 -> [0, 2, 4]
10011 -> [0, 3, 4]
01110 -> [1, 2, 3]
01101 -> [1, 2, 4]
01011 -> [1, 3, 4]
00111 -> [2, 3, 4]
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# How many operations are performed?

%reset -s -f

glob_count = 0
def process_solution(S):
    sets = []
    for i in range(len(S)):
        print(S[i], end = "")
        if S[i] == 1:
            sets.append(i+1)
    print(" -> {}".format(sets))
    return False


def subsets(S, k, n, i, count ):
    C = [1,0]
    global glob_count
    for c in C:
        glob_count += 1
        S[i] = c
        count = count + c
        if i == n-1:
            if count ==  k:
                #print(S)
                process_solution(S)
        else:
            subsets(S, k, n, i+1, count)
        #backtracking:
        #print(count)
        count = count -c
n = 12
k = 2
S = [0]*n
glob_count = 0
subsets(S, k, n, 0, 0)
print(glob_count)














110000000000 -> [1, 2]
101000000000 -> [1, 3]
100100000000 -> [1, 4]
100010000000 -> [1, 5]
100001000000 -> [1, 6]
100000100000 -> [1, 7]
100000010000 -> [1, 8]
100000001000 -> [1, 9]
100000000100 -> [1, 10]
100000000010 -> [1, 11]
100000000001 -> [1, 12]
011000000000 -> [2, 3]
010100000000 -> [2, 4]
010010000000 -> [2, 5]
010001000000 -> [2, 6]
010000100000 -> [2, 7]
010000010000 -> [2, 8]
010000001000 -> [2, 9]
010000000100 -> [2, 10]
010000000010 -> [2, 11]
010000000001 -> [2, 12]
001100000000 -> [3, 4]
001010000000 -> [3, 5]
001001000000 -> [3, 6]
001000100000 -> [3, 7]
001000010000 -> [3, 8]
001000001000 -> [3, 9]
001000000100 -> [3, 10]
001000000010 -> [3, 11]
001000000001 -> [3, 12]
000110000000 -> [4, 5]
000101000000 -> [4, 6]
000100100000 -> [4, 7]
000100010000 -> [4, 8]
000100001000 -> [4, 9]
000100000100 -> [4, 10]
000100000010 -> [4, 11]
000100000001 -> [4, 12]
000011000000 -> [5, 6]
000010100000 -> [5, 7]
000010010000 -> [5, 8]
000010001000 -> [5, 9]
000010000100 -> [5, 10]
000010000010 -> [5, 11]
000010000001 -> [5, 12]
000001100000 -> [6, 7]
000001010000 -> [6, 8]
000001001000 -> [6, 9]
000001000100 -> [6, 10]
000001000010 -> [6, 11]
000001000001 -> [6, 12]
000000110000 -> [7, 8]
000000101000 -> [7, 9]
000000100100 -> [7, 10]
000000100010 -> [7, 11]
000000100001 -> [7, 12]
000000011000 -> [8, 9]
000000010100 -> [8, 10]
000000010010 -> [8, 11]
000000010001 -> [8, 12]
000000001100 -> [9, 10]
000000001010 -> [9, 11]
000000001001 -> [9, 12]
000000000110 -> [10, 11]
000000000101 -> [10, 12]
000000000011 -> [11, 12]
8190






With Pruning!
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#Pruning!

%reset -s -f

def process_solution(S):
    sets = []
    for i in range(len(S)):
        print(S[i], end = "")
        if S[i] == 1:
            sets.append(i+1)
    print(" -> {}".format(sets))
    return False

#Pruning!
def subsets(S, k, n, i, count ):
    if count < k and count + (n-i) >= k:
        C = [1,0]
    else:
        C = []
    for c in C:
        S[i] = c
        count = count + c
        if count ==  k:
            #print(S)
            process_solution(S)
        else:
            subsets(S, k, n, i+1, count)
        #backtracking:
        #print(count)
        count = count -c
        S[i] = 0
n = 5
k = 3
S = [0]*n
subsets(S, k, n, 0, 0)














11100 -> [1, 2, 3]
11010 -> [1, 2, 4]
11001 -> [1, 2, 5]
10110 -> [1, 3, 4]
10101 -> [1, 3, 5]
10011 -> [1, 4, 5]
01110 -> [2, 3, 4]
01101 -> [2, 3, 5]
01011 -> [2, 4, 5]
00111 -> [3, 4, 5]
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#Pruning!

# How many operations are performed?
#print glob_count
%reset -s -f

glob_count = 0
def process_solution(S):
    sets = []
    for i in range(len(S)):
        print(S[i], end = "")
        if S[i] == 1:
            sets.append(i+1)
    print(" -> {}".format(sets))
    return False

#Pruning!

# How many operations are performed?
#print glob_count
def subsets(S, k, n, i, count ):
    print("subsets({},{},{},{},{})".format(S,k,n,i,count))
    if count < k and count + (n-i) >= k:
        C = [1,0]
    else:
        C = []
    global glob_count
    for c in C:
        print(c)
        glob_count += 1
        S[i] = c
        count = count + c
        if count ==  k:
            #print(S)
            process_solution(S)
        else:
            subsets(S, k, n, i+1, count)
        #backtracking:
        #print(count)
        count = count -c
        S[i] = 0
n = 5
k = 3
S = [0]*n
glob_count = 0
subsets(S, k, n, 0, 0)
print(glob_count)














subsets([0, 0, 0, 0, 0],3,5,0,0)
1
subsets([1, 0, 0, 0, 0],3,5,1,1)
1
subsets([1, 1, 0, 0, 0],3,5,2,2)
1
11100 -> [1, 2, 3]
0
subsets([1, 1, 0, 0, 0],3,5,3,2)
1
11010 -> [1, 2, 4]
0
subsets([1, 1, 0, 0, 0],3,5,4,2)
1
11001 -> [1, 2, 5]
0
subsets([1, 1, 0, 0, 0],3,5,5,2)
0
subsets([1, 0, 0, 0, 0],3,5,2,1)
1
subsets([1, 0, 1, 0, 0],3,5,3,2)
1
10110 -> [1, 3, 4]
0
subsets([1, 0, 1, 0, 0],3,5,4,2)
1
10101 -> [1, 3, 5]
0
subsets([1, 0, 1, 0, 0],3,5,5,2)
0
subsets([1, 0, 0, 0, 0],3,5,3,1)
1
subsets([1, 0, 0, 1, 0],3,5,4,2)
1
10011 -> [1, 4, 5]
0
subsets([1, 0, 0, 1, 0],3,5,5,2)
0
subsets([1, 0, 0, 0, 0],3,5,4,1)
0
subsets([0, 0, 0, 0, 0],3,5,1,0)
1
subsets([0, 1, 0, 0, 0],3,5,2,1)
1
subsets([0, 1, 1, 0, 0],3,5,3,2)
1
01110 -> [2, 3, 4]
0
subsets([0, 1, 1, 0, 0],3,5,4,2)
1
01101 -> [2, 3, 5]
0
subsets([0, 1, 1, 0, 0],3,5,5,2)
0
subsets([0, 1, 0, 0, 0],3,5,3,1)
1
subsets([0, 1, 0, 1, 0],3,5,4,2)
1
01011 -> [2, 4, 5]
0
subsets([0, 1, 0, 1, 0],3,5,5,2)
0
subsets([0, 1, 0, 0, 0],3,5,4,1)
0
subsets([0, 0, 0, 0, 0],3,5,2,0)
1
subsets([0, 0, 1, 0, 0],3,5,3,1)
1
subsets([0, 0, 1, 1, 0],3,5,4,2)
1
00111 -> [3, 4, 5]
0
subsets([0, 0, 1, 1, 0],3,5,5,2)
0
subsets([0, 0, 1, 0, 0],3,5,4,1)
0
subsets([0, 0, 0, 0, 0],3,5,3,0)
38
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"CODE NOT SHOWN"

#Drawing a graph in pygraphviz
import pygraphviz as pgv

G=pgv.AGraph(directed=True)


#for u,v,c in [('a','b', 'black'), ('a','c','black'), ('a','e', 'black'),
#             ('c','e','black'), ('b','d','black')]:#, ('e','b', 'black')]:
#    G.add_edge(u, v, color=c)

#    print(u,v,c)
#    G.add_edge(u, v, color=c)

for i in range(2**(n)):
    G.add_edge()




# write to a dot file
#G.write('test.dot')

#create a png file
G.layout(prog='fdp') # use dot
G.draw('test_top_sort.png')













  File "<ipython-input-10-8800844183e4>", line 10
    ('c','e','black'), ('b','d','black')]:#, ('e','b', 'black')]:
    ^
IndentationError: unexpected indent










Sudoku code
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%reset -s -f

#This function prints the sudoku matrix
def process_solution(S):
    for i in range(0,9):
        if i > 0 and i % 3 == 0:
            print("-----------------------------------------------------------------")
        for j in range(0,9):
            if j % 3 == 0:
                print("|", end = "")
            print(S.get((i,j), "."), end = "\t")

        else:
            print("")
#Given a solution S, checks if c can go in (x,y)
def check_sudoku(S,x,y, c):
    for j in range(0,9):
        #column check
        if S.get((x,j),"") == c:
            return False
        #row check
        if S.get((j,y),"") == c:
            return False
    #diagonal check
    bx = x //3
    by = y //3
    for ix in range(0,3):
        for iy in range(0,3):
            if S.get((bx*3 + ix, by*3+iy),"") == c:
                return False
    return True

#finds a backtracking solution to an input sudoku matrix S
#with brute force
def sudoku(S, i):
    x = i % 9
    y = i //9
    C = set()
    if i <= 81:
        if S[(x,y)] != 0:
            C.add(S[(x,y)])
        else:
            for c in range(1,10):
                if check_sudoku(S,x,y, c):
                    C.add(c)

    old = S.get((x,y), "")
    for c in C:
        S[(x,y)] = c
        if i == 80:
            process_solution(S)
            return True
        if sudoku(S,i+1):
            return True
        #print(old)
        if old != "":
            S[(x,y)] = old

    return False

def initialize(S):
    for i in range(0,9):
        for j in range(0,9):
            S[(i,j)] = 0

mat = dict()
initialize(mat)
for i in range(0,9):
    mat[(i,i)] = i+1
print("Initial board:")
process_solution(mat)
print("\n\nSolution:")
sudoku(mat,0)













Initial board:
|1      0       0       |0      0       0       |0      0       0
|0      2       0       |0      0       0       |0      0       0
|0      0       3       |0      0       0       |0      0       0
-----------------------------------------------------------------
|0      0       0       |4      0       0       |0      0       0
|0      0       0       |0      5       0       |0      0       0
|0      0       0       |0      0       6       |0      0       0
-----------------------------------------------------------------
|0      0       0       |0      0       0       |7      0       0
|0      0       0       |0      0       0       |0      8       0
|0      0       0       |0      0       0       |0      0       9


Solution:
|1      8       6       |2      9       4       |3      5       7
|4      2       7       |1      3       5       |8      9       6
|5      9       3       |8      6       7       |2      4       1
-----------------------------------------------------------------
|2      1       9       |4      7       8       |6      3       5
|3      6       4       |9      5       2       |1      7       8
|8      7       5       |3      1       6       |9      2       4
-----------------------------------------------------------------
|9      3       8       |5      4       1       |7      6       2
|6      4       1       |7      2       9       |5      8       3
|7      5       2       |6      8       3       |4      1       9
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True









Eight queens puzzle

Place \(n\) queens in a \(n x n\) board avoiding that one queen threatens another one.

Idea: each column must contain one and only one queen.

\(S[0... n -1]\) is one of the columns for the queen (i.e. in {0,…, n-1}. S[i] = j –> queen in position [i][j]

check_queens when \(i >= n\)

choices(S, n, i) in {0,…, n-1}

pruning returns the subset of legal moves (i.e. remove diagonals)


[18]:






global cnt

cnt = 0

def print_solution(S):
    global cnt
    cnt = cnt +1
    print("solution {}: {}".format(cnt,S))
    for i in range(len(S)):
        outSTR = ""
        for j in range(len(S)):
            if j == S[i]:
                outSTR += "| Q "
            else:
                outSTR+= "|   "
        print("----" * n)
        print(outSTR + "|")
    print("----" * n)
    print("")

def queens(n, S, i):
    #print("queens({},{},{})".format(n,S,i))
    if i == n:
        print_solution(S)
    else:
        for j in range(0,n): #place the i-th queen in column j
            legal = True
            for k in range(0,i): #check all previous queens
                if S[k] == j or S[k] == j + i - k or S[k] == j - i + k:
                    legal = False
            if legal:
                S[i] = j
                queens(n, S, i+1)

n = 8 #12 --> 14200 solutions
S = [0]*n
queens(n,S,0)













solution 1: [0, 4, 7, 5, 2, 6, 1, 3]
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 2: [0, 5, 7, 2, 6, 3, 1, 4]
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 3: [0, 6, 3, 5, 7, 1, 4, 2]
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 4: [0, 6, 4, 7, 1, 3, 5, 2]
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 5: [1, 3, 5, 7, 2, 0, 6, 4]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 6: [1, 4, 6, 0, 2, 7, 5, 3]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 7: [1, 4, 6, 3, 0, 7, 5, 2]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 8: [1, 5, 0, 6, 3, 7, 2, 4]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 9: [1, 5, 7, 2, 0, 3, 6, 4]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 10: [1, 6, 2, 5, 7, 4, 0, 3]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 11: [1, 6, 4, 7, 0, 3, 5, 2]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 12: [1, 7, 5, 0, 2, 4, 6, 3]
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 13: [2, 0, 6, 4, 7, 1, 3, 5]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 14: [2, 4, 1, 7, 0, 6, 3, 5]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 15: [2, 4, 1, 7, 5, 3, 6, 0]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------

solution 16: [2, 4, 6, 0, 3, 1, 7, 5]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 17: [2, 4, 7, 3, 0, 6, 1, 5]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 18: [2, 5, 1, 4, 7, 0, 6, 3]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 19: [2, 5, 1, 6, 0, 3, 7, 4]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 20: [2, 5, 1, 6, 4, 0, 7, 3]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 21: [2, 5, 3, 0, 7, 4, 6, 1]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 22: [2, 5, 3, 1, 7, 4, 6, 0]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------

solution 23: [2, 5, 7, 0, 3, 6, 4, 1]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 24: [2, 5, 7, 0, 4, 6, 1, 3]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 25: [2, 5, 7, 1, 3, 0, 6, 4]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 26: [2, 6, 1, 7, 4, 0, 3, 5]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 27: [2, 6, 1, 7, 5, 3, 0, 4]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 28: [2, 7, 3, 6, 0, 5, 1, 4]
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 29: [3, 0, 4, 7, 1, 6, 2, 5]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 30: [3, 0, 4, 7, 5, 2, 6, 1]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 31: [3, 1, 4, 7, 5, 0, 2, 6]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 32: [3, 1, 6, 2, 5, 7, 0, 4]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 33: [3, 1, 6, 2, 5, 7, 4, 0]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------

solution 34: [3, 1, 6, 4, 0, 7, 5, 2]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 35: [3, 1, 7, 4, 6, 0, 2, 5]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 36: [3, 1, 7, 5, 0, 2, 4, 6]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 37: [3, 5, 0, 4, 1, 7, 2, 6]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 38: [3, 5, 7, 1, 6, 0, 2, 4]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 39: [3, 5, 7, 2, 0, 6, 4, 1]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 40: [3, 6, 0, 7, 4, 1, 5, 2]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 41: [3, 6, 2, 7, 1, 4, 0, 5]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 42: [3, 6, 4, 1, 5, 0, 2, 7]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------

solution 43: [3, 6, 4, 2, 0, 5, 7, 1]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 44: [3, 7, 0, 2, 5, 1, 6, 4]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 45: [3, 7, 0, 4, 6, 1, 5, 2]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 46: [3, 7, 4, 2, 0, 6, 1, 5]
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 47: [4, 0, 3, 5, 7, 1, 6, 2]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 48: [4, 0, 7, 3, 1, 6, 2, 5]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 49: [4, 0, 7, 5, 2, 6, 1, 3]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 50: [4, 1, 3, 5, 7, 2, 0, 6]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 51: [4, 1, 3, 6, 2, 7, 5, 0]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------

solution 52: [4, 1, 5, 0, 6, 3, 7, 2]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 53: [4, 1, 7, 0, 3, 6, 2, 5]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 54: [4, 2, 0, 5, 7, 1, 3, 6]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 55: [4, 2, 0, 6, 1, 7, 5, 3]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 56: [4, 2, 7, 3, 6, 0, 5, 1]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 57: [4, 6, 0, 2, 7, 5, 3, 1]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 58: [4, 6, 0, 3, 1, 7, 5, 2]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 59: [4, 6, 1, 3, 7, 0, 2, 5]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 60: [4, 6, 1, 5, 2, 0, 3, 7]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------

solution 61: [4, 6, 1, 5, 2, 0, 7, 3]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 62: [4, 6, 3, 0, 2, 7, 5, 1]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------

solution 63: [4, 7, 3, 0, 2, 5, 1, 6]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 64: [4, 7, 3, 0, 6, 1, 5, 2]
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 65: [5, 0, 4, 1, 7, 2, 6, 3]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 66: [5, 1, 6, 0, 2, 4, 7, 3]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 67: [5, 1, 6, 0, 3, 7, 4, 2]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 68: [5, 2, 0, 6, 4, 7, 1, 3]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 69: [5, 2, 0, 7, 3, 1, 6, 4]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 70: [5, 2, 0, 7, 4, 1, 3, 6]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 71: [5, 2, 4, 6, 0, 3, 1, 7]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------

solution 72: [5, 2, 4, 7, 0, 3, 1, 6]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------

solution 73: [5, 2, 6, 1, 3, 7, 0, 4]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 74: [5, 2, 6, 1, 7, 4, 0, 3]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 75: [5, 2, 6, 3, 0, 7, 1, 4]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 76: [5, 3, 0, 4, 7, 1, 6, 2]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 77: [5, 3, 1, 7, 4, 6, 0, 2]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 78: [5, 3, 6, 0, 2, 4, 1, 7]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------

solution 79: [5, 3, 6, 0, 7, 1, 4, 2]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 80: [5, 7, 1, 3, 0, 6, 4, 2]
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------

solution 81: [6, 0, 2, 7, 5, 3, 1, 4]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 82: [6, 1, 3, 0, 7, 4, 2, 5]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 83: [6, 1, 5, 2, 0, 3, 7, 4]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 84: [6, 2, 0, 5, 7, 4, 1, 3]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 85: [6, 2, 7, 1, 4, 0, 5, 3]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 86: [6, 3, 1, 4, 7, 0, 2, 5]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 87: [6, 3, 1, 7, 5, 0, 2, 4]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------

solution 88: [6, 4, 2, 0, 5, 7, 1, 3]
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 89: [7, 1, 3, 0, 6, 4, 2, 5]
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 90: [7, 1, 4, 2, 0, 6, 3, 5]
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------

solution 91: [7, 2, 0, 5, 1, 4, 6, 3]
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------

solution 92: [7, 3, 0, 2, 5, 1, 6, 4]
--------------------------------
|   |   |   |   |   |   |   | Q |
--------------------------------
|   |   |   | Q |   |   |   |   |
--------------------------------
| Q |   |   |   |   |   |   |   |
--------------------------------
|   |   | Q |   |   |   |   |   |
--------------------------------
|   |   |   |   |   | Q |   |   |
--------------------------------
|   | Q |   |   |   |   |   |   |
--------------------------------
|   |   |   |   |   |   | Q |   |
--------------------------------
|   |   |   |   | Q |   |   |   |
--------------------------------
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Changelog

Jupman Jupyter Manager

jupman.softpython.org [https://jupman.softpython.org]


October 17th 2020 - 3.2


	added optional build on Github Actions


	solutions are finally hidden on the website, with a click-to-show button!


	introduced generic jupman-togglable and specific jupman-sol CSS classes


	improved menu navigation


	added softpython theme


	images are now shown centered in HTML


	moved to jupman.softpython.org


	updated nbsphinx to 0.7.1


	updated sphinx_rtd_theme to 0.4.3


	updated sphinx to 2.3.1


	updated pygments to 2.7.1







January 16th 2020 - 3.1


	removed jupman.init root parameter


	bugfixes


	upgraded nbsphinx from 0.3.4 to 0.5.0


	upgraded sphinx_rtd_theme from 0.2.5b1 to 0.4.3


	upgraded sphinx from 1.7.6 to 2.3.1


	upgraded recommonmark from 0.4.0 to 0.6.0







December 29th 2019 - 3.0


	much simplified folder structure


	Issue 33 [https://github.com/DavidLeoni/jupman/issues/33]






	removed solutions from header requirement


	Issue 32 [https://github.com/DavidLeoni/jupman/issues/32]






	introduced tests (pytest, hypothesis)


	removed old_news in favor of changelog.md


	Latex:


	much better PDF cover


	using xelatex


	set up unicode mappings






	several fixes







September 24th 2018 - 2.0


	now using index.ipynb as home. Hurray !







September 19th 2018 - 1.0


	fixed build.py


	added html templates examples


	cleaned toc (was showing too much when loading)







August 26th 2018 - 0.9


	implemented generation of exercises from solutions
[Issue 14(https://github.com/DavidLeoni/jupman/issues/14)


	reverted to old jupman.init() code
Issue 12 [https://github.com/DavidLeoni/jupman/issues/12]







August 12th 2018 - 0.8


	Prepended all functions in jupman.py with jupman_


	replaced index with proper homepage.
see Issue 11 [https://github.com/DavidLeoni/jupman/issues/11]


	from now on you need home.ipynb file, because replacing index.rst is a nightmare!


	new index.rst is just a placeholder which simply redirects to home.html. Do not modify it.


	put the toctree in toc.rst






	exercises ipynb can now stay in exercises/ folder; when exercises are zipped,
jupman automatically adds to the zip the required site files.
see Issue 12 [https://github.com/DavidLeoni/jupman/issues/12]


	Tried %run at beginning of notebooks, without much satisfaction
(see discussion in Issue 12 [https://github.com/DavidLeoni/jupman/issues/12]):


	disabled toc by default in html files. To enable it, in python use %run -i ../../jupman --toc


	renamed past-exams directory from ‘past-exams’ to ‘exams’


	created info, error, warn, fatal functions to conf.py


	introduced new variable exercise_common_files in conf.py for common files to be zipped


	added pages exam-project , markdown , project-ideas,


	added cc-by.png


	renamed changelog.txt to changelog.md


	now using templates with curly brackets in in templating, like _JM_{some_property}


	jupman.js : now when manually saving html in Jupyter, resulting html correctly hides cells


	Fixes https://github.com/DavidLeoni/jupman/issues/2 :
now toc is present in local build for pdfs







August 3rd 2018 - 0.7


	added jupman.py pytut() for displaying Python tutor in the cells


	added  jupman.py toc=False option to jupman.py init to disable toc


	removed  jupman.pyuseless networkx import from


	fixed usage indentation


	added changelog.txt










          

      

      

    

  

    
      
          
            
  


Solution to the dominoes problem


[11]:






import time

def dominoes(n):
    if n <= 1:
        return 1
    else:
        return dominoes(n-2) + dominoes(n-1)

def dominoes2(n):
    res = [0]*(n+1)
    res[0] = 1
    res[1] = 1
    for i in range(2,n+1):
        res[i] = res[i-1] + res[i-2]
    return res[n]

def dominoes3(n):
    dp0 = 1
    dp1 = 1
    dp2 = 1
    for i in range(2,n+1):
        dp0 = dp1
        dp1 = dp2
        dp2 = dp0 + dp1
    return dp2


s = time.time()
for i in range(1,45):
    print(dominoes(i), end = " ")
e = time.time()
print("Elapsed time: {}s".format(e-s))
s = time.time()
for i in range(1,45):
    print(dominoes2(i), end = " ")
e = time.time()
print("Elapsed time: {}s".format(e-s))

s = time.time()
for i in range(1,45):
    print(dominoes3(i), end = " ")
e = time.time()
print("Elapsed time: {}s".format(e-s))














Elapsed time: 0.0001277923583984375s
1 2 3 5 8 13 21 34 55 89 144 233 377 610 987 1597 2584 4181 6765 10946 17711 28657 46368 75025 121393 196418 317811 514229 832040 1346269 2178309 3524578 5702887 9227465 14930352 24157817 39088169 63245986 102334155 165580141 267914296 433494437 701408733 1134903170 Elapsed time: 0.008267641067504883s
1 2 3 5 8 13 21 34 55 89 144 233 377 610 987 1597 2584 4181 6765 10946 17711 28657 46368 75025 121393 196418 317811 514229 832040 1346269 2178309 3524578 5702887 9227465 14930352 24157817 39088169 63245986 102334155 165580141 267914296 433494437 701408733 1134903170 Elapsed time: 0.0011742115020751953s









Hateville

Case when I do NOT pick the i-th donation:


\[HV(i) = HV(i-1)\]

Case when I pick the i-th donation:


\[HV(i) = HV(i-2) + D[i]\]

Summing it all:


\[\begin{split}HV(i) = \begin{cases} 0 & \mbox{if i = 0} \\ D[1] & \mbox{ if i = 1} \\ max(HV(i-1), HV(i-2)+D[i]) & \mbox{if } n \geq 2 \end{cases}\end{split}\]


\[\begin{split}DP(i) = \begin{cases} 0 & \mbox{if i = 0} \\ D[1] & \mbox{ if i = 1} \\ max(DP(i-1), DP(i-2)+D[i]) & \mbox{if } n \geq 2 \end{cases}\end{split}\]


[6]:






def hateville(D, n):
    dp = [0]*(n+1)
    if n > 0:
        dp[1] = D[0]
    for i in range(2, n+1):
        dp[i] = max(dp[i-1],dp[i-2] + D[i-1])
    #print(dp)
    return dp[n]

D = [10,5,5,8,4,7,12]

print("Donations: {}".format(D))
for i in range(len(D)+1):
    print("Solution for {}: {}".format(D[0:i],hateville(D, i)))
print("\n\n")

D1 = [10,1,1,10,1,1,10]

print("Donations: {}".format(D1))
for i in range(len(D1)+1):
    print("Solution for {}: {}".format(D1[0:i],hateville(D1, i)))














Donations: [10, 5, 5, 8, 4, 7, 12]
Solution for []: 0
Solution for [10]: 10
Solution for [10, 5]: 10
Solution for [10, 5, 5]: 15
Solution for [10, 5, 5, 8]: 18
Solution for [10, 5, 5, 8, 4]: 19
Solution for [10, 5, 5, 8, 4, 7]: 25
Solution for [10, 5, 5, 8, 4, 7, 12]: 31



Donations: [10, 1, 1, 10, 1, 1, 10]
Solution for []: 0
Solution for [10]: 10
Solution for [10, 1]: 10
Solution for [10, 1, 1]: 11
Solution for [10, 1, 1, 10]: 20
Solution for [10, 1, 1, 10, 1]: 20
Solution for [10, 1, 1, 10, 1, 1]: 21
Solution for [10, 1, 1, 10, 1, 1, 10]: 30







A more elegant solution


[14]:






def hateville(D, n):
    dp = [0, D[0]]
    for i in range(1, n):
        dp.append(max(dp[-1],dp[-2] + D[i]))

    return dp[-1]

def hateville_space(D,n):
    dp = [0, D[0]]
    for i in range(1,n):
        new_val = max(dp[1],dp[0]+D[i])
        dp[0] = dp[1]
        dp[1] = new_val

    return dp[-1]

D = [10,5,5,8,4,7,12]

print("Donations: {}".format(D))
for i in range(len(D)+1):
    print("Solution for {}: {}".format(D[0:i],hateville(D, i)))
    print("Solution for {}: {}".format(D[0:i],hateville_space(D, i)))
print("\n\n")

D1 = [10,1,1,10,1,1,10]

print("Donations: {}".format(D1))
for i in range(len(D1)+1):
    print("Solution for {}: {}".format(D1[0:i],hateville(D1, i)))
    print("Solution for {}: {}".format(D1[0:i],hateville_space(D1, i)))













Donations: [10, 5, 5, 8, 4, 7, 12]
Solution for []: 10
Solution for []: 10
Solution for [10]: 10
Solution for [10]: 10
Solution for [10, 5]: 10
Solution for [10, 5]: 10
Solution for [10, 5, 5]: 15
Solution for [10, 5, 5]: 15
Solution for [10, 5, 5, 8]: 18
Solution for [10, 5, 5, 8]: 18
Solution for [10, 5, 5, 8, 4]: 19
Solution for [10, 5, 5, 8, 4]: 19
Solution for [10, 5, 5, 8, 4, 7]: 25
Solution for [10, 5, 5, 8, 4, 7]: 25
Solution for [10, 5, 5, 8, 4, 7, 12]: 31
Solution for [10, 5, 5, 8, 4, 7, 12]: 31



Donations: [10, 1, 1, 10, 1, 1, 10]
Solution for []: 10
Solution for []: 10
Solution for [10]: 10
Solution for [10]: 10
Solution for [10, 1]: 10
Solution for [10, 1]: 10
Solution for [10, 1, 1]: 11
Solution for [10, 1, 1]: 11
Solution for [10, 1, 1, 10]: 20
Solution for [10, 1, 1, 10]: 20
Solution for [10, 1, 1, 10, 1]: 20
Solution for [10, 1, 1, 10, 1]: 20
Solution for [10, 1, 1, 10, 1, 1]: 21
Solution for [10, 1, 1, 10, 1, 1]: 21
Solution for [10, 1, 1, 10, 1, 1, 10]: 30
Solution for [10, 1, 1, 10, 1, 1, 10]: 30









Hateville and solution

This also gets the indexes of the houses


[9]:






def hateville(D, n):
    dp = [0]*(n+1)
    if n > 0:
        dp[1] = D[0]
    for i in range(2, n+1):
        dp[i] = max(dp[i-1],dp[i-2] + D[i-1])

    return build_solution(D,dp,n)

def build_solution(D, dp, i):
    if i == 0:
        return []
    elif i == 1:
        return [0]
    else:
        if dp[i] == dp[i-1]:
            sol = build_solution(D, dp, i-1)
        else:
            sol = build_solution(D, dp, i-2)
            sol.append(i-1)
    return sol

D = [10,5,5,8,4,7,12]
print("Donations: {}".format(D))
for i in range(len(D)+1):
    HV = hateville(D, i)
    print("Donors for {}: {}. Donations: {}".format(D[0:i],HV,sum([D[x] for x in HV])))
print("\n\n")

D1 = [10,1,1,10,1,1,10]
print("Donations: {}".format(D1))
for i in range(len(D1)+1):
    HV = hateville(D1, i)
    print("Donors for {}: {}. Donations: {}".format(D1[0:i],HV,sum([D1[x] for x in HV])))














Donations: [10, 5, 5, 8, 4, 7, 12]
Donors for []: []. Donations: 0
Donors for [10]: [0]. Donations: 10
Donors for [10, 5]: [0]. Donations: 10
Donors for [10, 5, 5]: [0, 2]. Donations: 15
Donors for [10, 5, 5, 8]: [0, 3]. Donations: 18
Donors for [10, 5, 5, 8, 4]: [0, 2, 4]. Donations: 19
Donors for [10, 5, 5, 8, 4, 7]: [0, 3, 5]. Donations: 25
Donors for [10, 5, 5, 8, 4, 7, 12]: [0, 2, 4, 6]. Donations: 31



Donations: [10, 1, 1, 10, 1, 1, 10]
Donors for []: []. Donations: 0
Donors for [10]: [0]. Donations: 10
Donors for [10, 1]: [0]. Donations: 10
Donors for [10, 1, 1]: [0, 2]. Donations: 11
Donors for [10, 1, 1, 10]: [0, 3]. Donations: 20
Donors for [10, 1, 1, 10, 1]: [0, 3]. Donations: 20
Donors for [10, 1, 1, 10, 1, 1]: [0, 3, 5]. Donations: 21
Donors for [10, 1, 1, 10, 1, 1, 10]: [0, 3, 6]. Donations: 30











Knapsack


[3]:






import numpy as np
import math


def knapsack(w, p, C):
    n = len(w)
    DP = np.zeros((n + 1, C + 1))
    for i in range(1, n+1):
        for c in range(1, C+1):
            not_taken = DP[i-1][c]
            if w[i-1]  > c:
                taken = -math.inf
            else:
                taken = DP[i-1][c - w[i-1]] + p[i-1]

            DP[i][c] = max( not_taken, taken)
    print(DP)
    return DP[n][C]


w = [4,2,3,4]
p = [10,7,8,6]
C = 9
print(knapsack(w,p,C))

w = [4, 7, 11, 3, 3, 3, 11, 10, 6]
p = [1,2,3,4, 12, 5,8,7, 11]
C = 78

print(knapsack(w,p,C))













[[ 0.  0.  0.  0.  0.  0.  0.  0.  0.  0.]
 [ 0.  0.  0.  0. 10. 10. 10. 10. 10. 10.]
 [ 0.  0.  7.  7. 10. 10. 17. 17. 17. 17.]
 [ 0.  0.  7.  8. 10. 15. 17. 18. 18. 25.]
 [ 0.  0.  7.  8. 10. 15. 17. 18. 18. 25.]]
25.0
[[ 0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.
   0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.
   0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.
   0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.  0.
   0.  0.  0.  0.  0.  0.  0.]
 [ 0.  0.  0.  0.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.
   1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.
   1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.
   1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.  1.
   1.  1.  1.  1.  1.  1.  1.]
 [ 0.  0.  0.  0.  1.  1.  1.  2.  2.  2.  2.  3.  3.  3.  3.  3.  3.  3.
   3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.
   3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.
   3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.  3.
   3.  3.  3.  3.  3.  3.  3.]
 [ 0.  0.  0.  0.  1.  1.  1.  2.  2.  2.  2.  3.  3.  3.  3.  4.  4.  4.
   5.  5.  5.  5.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.
   6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.
   6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.  6.
   6.  6.  6.  6.  6.  6.  6.]
 [ 0.  0.  0.  4.  4.  4.  4.  5.  5.  5.  6.  6.  6.  6.  7.  7.  7.  7.
   8.  8.  8.  9.  9.  9.  9. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10.
  10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10.
  10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10. 10.
  10. 10. 10. 10. 10. 10. 10.]
 [ 0.  0.  0. 12. 12. 12. 16. 16. 16. 16. 17. 17. 17. 18. 18. 18. 18. 19.
  19. 19. 19. 20. 20. 20. 21. 21. 21. 21. 22. 22. 22. 22. 22. 22. 22. 22.
  22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22.
  22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22. 22.
  22. 22. 22. 22. 22. 22. 22.]
 [ 0.  0.  0. 12. 12. 12. 17. 17. 17. 21. 21. 21. 21. 22. 22. 22. 23. 23.
  23. 23. 24. 24. 24. 24. 25. 25. 25. 26. 26. 26. 26. 27. 27. 27. 27. 27.
  27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27.
  27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27. 27.
  27. 27. 27. 27. 27. 27. 27.]
 [ 0.  0.  0. 12. 12. 12. 17. 17. 17. 21. 21. 21. 21. 22. 22. 22. 23. 25.
  25. 25. 29. 29. 29. 29. 30. 30. 30. 31. 31. 31. 31. 32. 32. 32. 32. 33.
  33. 33. 34. 34. 34. 34. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35.
  35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35. 35.
  35. 35. 35. 35. 35. 35. 35.]
 [ 0.  0.  0. 12. 12. 12. 17. 17. 17. 21. 21. 21. 21. 22. 22. 22. 24. 25.
  25. 28. 29. 29. 29. 29. 30. 30. 30. 32. 32. 32. 36. 36. 36. 36. 37. 37.
  37. 38. 38. 38. 38. 39. 39. 39. 39. 40. 40. 40. 41. 41. 41. 41. 42. 42.
  42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42. 42.
  42. 42. 42. 42. 42. 42. 42.]
 [ 0.  0.  0. 12. 12. 12. 17. 17. 17. 23. 23. 23. 28. 28. 28. 32. 32. 32.
  32. 33. 33. 33. 35. 36. 36. 39. 40. 40. 40. 40. 41. 41. 41. 43. 43. 43.
  47. 47. 47. 47. 48. 48. 48. 49. 49. 49. 49. 50. 50. 50. 50. 51. 51. 51.
  52. 52. 52. 52. 53. 53. 53. 53. 53. 53. 53. 53. 53. 53. 53. 53. 53. 53.
  53. 53. 53. 53. 53. 53. 53.]]
53.0









Knapsack with memoization


[1]:








import numpy as np
import math

def knapsack_mem(w, p, C):
    n = len(w)
    DP = -np.ones((n+1, C+1))
    return knapsackRec(w, p, DP, n, C)

def knapsackRec(w, p, DP, i, c):
    if c < 0:
        return -math.inf
    if i == 0 or c == 0:
        #DP[i][c] = 0
        return 0
    if DP[i][c] < 0:
        #the solution has not been computed already!
        not_taken = knapsackRec(w,p,DP,i-1,c)
        taken = knapsackRec(w,p,DP,i-1,c-w[i-1]) + p[i-1]
        DP[i][c] = max(not_taken, taken)
    return DP[i][c]

w = [4,2,3,4]
p = [10,7,8,6]
C = 9
print(knapsack_mem(w,p,C))

w = [4, 7, 11, 3, 3, 3, 11, 10, 6]
p = [1,2,3,4, 12, 5,8,7, 11]
C = 78
print(knapsack_mem(w,p,C))













25.0
53.0







[39]:






%reset -f -s

import numpy as np
import math
from functools import wraps

def memo(func):
    cache = {}
    @wraps(func)
    def wrap(*args):
        a = ",".join([str(x) for x in args])
        if a not in cache:
            #print("compute: {}".format(a))
            cache[a] = func(*args)
        return cache[a]
    return wrap

@memo
def knapsackRec(w, p, i, c):
    if c < 0:
        return -math.inf
    if i == 0 or c == 0:
        #DP[i][c] = 0
        return 0
    else:
        #the solution has not been computed already!
        not_taken = knapsackRec(w,p,i-1,c)
        taken = knapsackRec(w,p,i-1,c-w[i-1]) + p[i-1]
        return max(not_taken, taken)

def knapsack(w,p,C):
    return knapsackRec(w,p,len(w), C)

w = [4,2,3,4]
p = [10,7,8,6]
C = 9

print(knapsack(w,p,C))

#print(knapsackRec(w,p,C))

w = [4, 7, 11, 3, 3, 3, 11, 10, 6]
p = [1,2,3,4, 12, 5,8,7, 11]
C = 78
#print(knapsackRec(w,p,C))
w = [4, 7, 11, 3, 3, 3, 11, 10, 6,1,5,1,5,72,121,111,212,12,11]
p = [1,2,3,4, 12, 5,8,7, 11,10,1,1,3,4,5,6,7,1,21,22,11]
C = 78
print(knapsack(w,p,C))













25
88









Knapsack with memoization and dictionary


[11]:








import math

def knapsack_mem(w, p, C):
    n = len(w)
    DP = dict()
    return knapsackRec(w, p, DP, n, C)

def knapsackRec(w, p, DP, i, c):
    if c < 0:
        return -math.inf
    if i == 0 or c == 0:
        #DP[(i,c)] = 0
        return 0
    if (i,c) not in DP:
        #the solution has not been computed already!
        not_taken = knapsackRec(w,p,DP,i-1,c)
        taken = knapsackRec(w,p,DP,i-1,c-w[i-1]) + p[i-1]
        DP[(i,c)] = max(not_taken, taken)
    return DP[(i,c)]

w = [4,2,3,4]
p = [10,7,8,6]
C = 9
print(knapsack_mem(w,p,C))

w = [4, 7, 11, 3, 3, 3, 11, 10, 6]
p = [1,2,3,4, 12, 5,8,7, 11]
C = 78
print(knapsack_mem(w,p,C))













({(1, 9): 10, (1, 7): 10, (2, 9): 17, (1, 6): 10, (1, 4): 10, (2, 6): 17, (3, 9): 25, (1, 5): 10, (1, 3): 0, (2, 5): 10, (1, 2): 0, (2, 2): 7, (3, 5): 15, (4, 9): 25}, 25)
({(1, 78): 1, (1, 71): 1, (2, 78): 3, (1, 67): 1, (1, 60): 1, (2, 67): 3, (3, 78): 6, (1, 75): 1, (1, 68): 1, (2, 75): 3, (1, 64): 1, (1, 57): 1, (2, 64): 3, (3, 75): 6, (4, 78): 10, (1, 72): 1, (1, 65): 1, (2, 72): 3, (1, 61): 1, (1, 54): 1, (2, 61): 3, (3, 72): 6, (4, 75): 10, (5, 78): 22, (1, 69): 1, (1, 62): 1, (2, 69): 3, (1, 58): 1, (1, 51): 1, (2, 58): 3, (3, 69): 6, (4, 72): 10, (5, 75): 22, (6, 78): 27, (1, 56): 1, (1, 49): 1, (2, 56): 3, (3, 67): 6, (1, 53): 1, (1, 46): 1, (2, 53): 3, (3, 64): 6, (4, 67): 10, (1, 50): 1, (1, 43): 1, (2, 50): 3, (3, 61): 6, (4, 64): 10, (5, 67): 22, (1, 47): 1, (1, 40): 1, (2, 47): 3, (3, 58): 6, (4, 61): 10, (5, 64): 22, (6, 67): 27, (7, 78): 35, (2, 68): 3, (2, 57): 3, (3, 68): 6, (2, 65): 3, (2, 54): 3, (3, 65): 6, (4, 68): 10, (1, 55): 1, (2, 62): 3, (1, 44): 1, (2, 51): 3, (3, 62): 6, (4, 65): 10, (5, 68): 22, (1, 59): 1, (1, 52): 1, (2, 59): 3, (1, 48): 1, (1, 41): 1, (2, 48): 3, (3, 59): 6, (4, 62): 10, (5, 65): 22, (6, 68): 27, (1, 39): 1, (2, 46): 3, (3, 57): 6, (1, 36): 1, (2, 43): 3, (3, 54): 6, (4, 57): 10, (1, 33): 1, (2, 40): 3, (3, 51): 6, (4, 54): 10, (5, 57): 22, (1, 37): 1, (1, 30): 1, (2, 37): 3, (3, 48): 6, (4, 51): 10, (5, 54): 22, (6, 57): 27, (7, 68): 35, (8, 78): 42, (1, 66): 1, (2, 66): 3, (2, 55): 3, (3, 66): 6, (4, 69): 10, (5, 72): 22, (1, 63): 1, (2, 63): 3, (1, 45): 1, (2, 52): 3, (3, 63): 6, (4, 66): 10, (5, 69): 22, (6, 72): 27, (2, 44): 3, (3, 55): 6, (4, 58): 10, (5, 61): 22, (1, 34): 1, (2, 41): 3, (3, 52): 6, (4, 55): 10, (5, 58): 22, (6, 61): 27, (7, 72): 35, (1, 38): 1, (2, 45): 3, (3, 56): 6, (4, 59): 10, (5, 62): 22, (1, 42): 1, (1, 35): 1, (2, 42): 3, (3, 53): 6, (4, 56): 10, (5, 59): 22, (6, 62): 27, (1, 27): 1, (2, 34): 3, (3, 45): 6, (4, 48): 10, (5, 51): 22, (1, 31): 1, (1, 24): 1, (2, 31): 3, (3, 42): 6, (4, 45): 10, (5, 48): 22, (6, 51): 27, (7, 62): 35, (8, 72): 42, (9, 78): 53}, 53)







LCS

To define the recursive formula:

Consider the two prefixes \(P(i)\) and \(T(j)\) such that their last characters are the same: \(p_i = t_j\).

How would you compute \(DF[i,j]\)?


\[DF[i,j] = DF[i-1, j-1] + 1\]

Consider the two prefixes \(P(i)\) and \(T(j)\) such that their last characters are different: \(p_i \neq t_j\).

How would you compute \(DF[i,j]\)?

Hint: either \(p_i\) or \(t_j\) are useless for the LCS.


\[DF[i,j] = max(DF[i-1, j], DF[i, j-1])\]

If \(i = 0\) or \(j = 0\):


\[DF[i,j] = 0\]

Putting it all together:


\[\begin{split}DF[i,j] = \begin{cases} 0 & \mbox{if i,j = 0} \\ DF[i-1, j-1] + 1 & \mbox{ if $i, j > 0$ and $p_i = t_j$} \\ max(DF[i-1, j], DF[i, j-1]) & \mbox{if $i, j > 0$ and $p_i \neq t_j$} \end{cases}\end{split}\]


[15]:






def subsequence(DP,P,T,i,j):
    if i == 0 or j == 0:
        return []
    if P[i-1] == T[j-1]:
        S = subsequence(DP,P, T, i-1, j-1)
        S.append(P[i-1]) #or T[j-1]
        return S
    else:

        if DP[(i-1,j)] > DP[(i,j-1)]:
            return subsequence(DP,P,T, i-1, j)
        else:
            return subsequence(DP,P,T,i, j-1)

def LCSrec(P,T,DP, i,j):
    if i == 0 or j == 0:
        return 0
    if (i,j) not in DP:
        if P[i-1] == T[j-1]:
            DP[(i,j)] = LCSrec(P,T, DP, i-1, j-1) + 1
        else:
            DP[(i,j)] = max(LCSrec(P,T, DP, i-1,j),
                           LCSrec(P,T, DP, i,j-1)
                           )
    return DP[(i,j)]

def LCS(P,T):
    n = len(P)
    m = len(T)
    D = dict()
    for i in range(n+1):
        D[(0,i)] = 0
    for j in range(m+1):
        D[(j,0)] = 0


    LCSrec(P,T,D,n,m)
    return subsequence(D,P,T,n,m)
    #print(D)
    #return D[(n,m)]


T = "CTCTGT"
P = "ACGGCT"

print("LCS: {}".format("".join(LCS(P,T))))













LCS: CCT
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from functools import wraps

def memo(func):
    cache = {}
    @wraps(func)
    def wrap(*args):
        if args not in cache:
            cache[args] = func(*args)
        return cache[args]
    return wrap

@memo
def fib(n):
    if n < 2:
        return 1
    else:
        return fib(n-1) + fib(n-2)
print(fib(45))
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Palindrome

A string is said palindrome if it reads identically from left to right and from right to left.

Given a string, write an algorithm that returns the minimum number of characters to be inserted in the string to make it palindrome.

Ex. input = “casacca”:

n = 7 : casaccaACCASAC n = 6 : casaccaCCASAC n = 3 : casaccaSAC n = 2 : ACcasacca

Note that strings might be added also in the middle of the string:

input = “anta” n = 1 : antNa

Idea:

if the string is \(s = as'a\) then:


\[ \begin{align}\begin{aligned}f(s) = f(s')\\if :math:`s = as'b` then:\end{aligned}\end{align} \]


	add \(b\) ad the beginning or \(a\) at the end and count this addition as a +1


	consider the two subproblems given by the first and the last character removed: \(f(s) = \min(f(as'), f(s'b)) + 1\)




In summary:


\[\begin{split}f(s) = \begin{cases} f(s') & \mbox{if s=as'a} \\f(s) = \min(f(as'), f(s'b)) + 1 & \mbox{ if s=as'b} \end{cases}\end{split}\]


[159]:






def palindrome(in_str):
    DP = dict()
    out = palindrome_rec(DP, in_str)
    #print(DP)
    return out

def palindrome_rec(DP, in_str):
    if len(in_str) < 2:
        DP[in_str] = 0
        return 0
    else:
        if in_str[0].upper() == in_str[-1].upper():
            if in_str[1:-1] in DP:
                return  DP[in_str[1:-1]]
            else:
                DP[in_str] = palindrome_rec(DP, in_str[1:-1])
        else:
            begin_add = palindrome_rec(DP, in_str[-1] + in_str)

            end_add = palindrome_rec(DP, in_str + in_str[0].upper())
            if begin_add >= end_add:
                DP[in_str] = end_add + 1
            else:
                DP[in_str] = begin_add + 1
            #DP[in_str] = min(begin_add, end_add) + 1
    return DP[in_str]


input = "casacca"
print(palindrome(input))

input = "anta"
print(palindrome(input))













2
1
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def palindrome(in_str):
    DP = dict()
    out = palindrome_rec(DP, in_str)
    #print(DP)
    return out

def palindrome_rec(DP, in_str):
    if len(in_str) < 2:
        DP[in_str] = (0, in_str)
        return (0, in_str)
    else:
        if in_str[0] == in_str[-1]:
            if in_str[1:-1] in DP:
                return  DP[in_str[1:-1]][0],in_str[0] + DP[in_str[1:-1]][1] + in_str[0]
            else:
                dp_res = palindrome_rec(DP, in_str[1:-1])
                DP[in_str] = (dp_res[0], in_str[0] + dp_res[1] + in_str[0])
        else:
            begin_add, beg_str = palindrome_rec(DP, in_str[-1] + in_str)

            end_add, end_str = palindrome_rec(DP, in_str + in_str[0])
            if begin_add >= end_add:
                DP[in_str] = (end_add + 1, end_str)
            else:
                DP[in_str] = (begin_add + 1,  beg_str)
            #DP[in_str] = min(begin_add, end_add) + 1
    return DP[in_str]



#input = "principe"
input  = "casacca"
#input = "supercalifragilistichespiralidoso"
print(palindrome(input))
print(palindrome("principe"))













(2, 'accasacca')
(3, 'eprincnirpe')
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Exam project

For general (credits, attendance), see course description at section Evaluation and exams

Delivery times

Ideas for possible projects: See here

Last update: TODO

In short:


What to do

First of all: send by email to TODO@TODO.COM a brief description of the project, to decide what to do. I will create a Google doc to keep track of progresses and / or problems found.

Once the project is defined, go on like this:

1 - Download zip with template (view online files TODO [https://www.GITHUB.TODO] )

After unzipped, you will find a folder named NAME-SURNAME-ID, with these files inside:

- NAME-SURNAME-ID
    - project.ipynb
    - markdown.ipynb
    - requirements.txt
    - img
        - example.png





2 - Rename the folder NAME-SURNAME-ID with your data

3 - run Jupyter from the folder you just renamed

4 - edit file project.ipynb , closely following the indications in the following technical requirements

5 - Once done, send project by email to TODO@TODO.COM




Technical requirements

Write in Markdown


Python code




requirements.txt file




Graphical interfaces




Be careful to









          

      

      

    

  

    
      
          
            
  


Maximal disjoint intervals

Given a set of intervals, sorted by finish time increasingly, \(S[i,j]\) is the set of intervals starting after \(i\) and ending before \(j\).

Dynamic programming:


\[\begin{split}DF[i,j] = \begin{cases} 0 & \mbox{if S[i,j] = $\emptyset$} \\ max_{k \in S[i,j]}(DF[i, k]+ DF[k, j]  + 1) & \mbox{otherwise} \end{cases}\end{split}\]


[13]:







import math

#gets intervals within startI (the interval) and endI
def S(intervals, startI, endI):
    return [x for x in intervals
            if x[0]>=startI[1] and x[1] < endI[0]]

def disjointInt(intervals, i, j, DP):

    s = S(intervals, intervals[i], intervals[j])
    if len(s) == 0:
        return 0
    else:
        if (i,j) not in DP:
            m = 0
            start = intervals.index(s[0])
            end = intervals.index(s[-1])
            for k in range(start,end+1):
                if (i,k) not in DP:
                    DP[(i,k)] = disjointInt(intervals, i, k, DP)
                if (k, j) not in DP:
                    DP[(k, j)] = disjointInt(intervals,k, j, DP)

                m = max(m, DP[(i,k)] + DP[(k, j)] + 1)
            DP[(i,j)] = m

        return DP[(i,j)]


def disjoint_intervals(intervals):
    D = dict()
    return  disjointInt(intervals, 0, len(intervals)-1, D)

intervals = [(-math.inf,0), (1,4),(3,5), (0,6), (5,8), (3,8), (5,9), (6,10),(8,11),
             (8,12), (2,13), (12,14), (15,math.inf)]



def disjoint_greedy(intervals):
    #sort pairs by finishing time
    #if not sorted
    intervals.sort(key = lambda x : x[1])
    S = [0]
    last = 0
    for i in range(1,len(intervals)):
        if intervals[i][0] >= intervals[last][1]:
            S.append(i)
            last = i
    return S


print(S(intervals, (1,4), (12,14)))
print(S(intervals, (3,5), (12,14)))
print(S(intervals, intervals[0], intervals[-1]))
print(disjoint_intervals(intervals))


intervals2 = [(-math.inf,0), (1,4), (5,6), (1,6), (5,12), (8,14),
             (12,14), (15,18), (16,20), (19,21), (22, math.inf)]

print(disjoint_intervals(intervals2))


intervals3 = [(-math.inf,0), (1,6), (7,9), (1,10),
              (7,11), (10,11), (22, math.inf)]

print(disjoint_intervals(intervals3))

intervals = [ (1,4),(3,5), (0,6), (5,8), (3,8), (5,9), (6,10),(8,11),
             (8,12), (2,13), (12,14)]
DI = disjoint_greedy(intervals)
print(DI)
for i in DI:
    print(intervals[i], end = " ")

intervals3 = [ (1,6), (7,9), (1,10),
              (7,11), (10,11)]

DI = disjoint_greedy(intervals3)
print("\n", DI)
for i in DI:
    print(intervals3[i], end = " ")


intervals2 = [(1,4), (19,21),  (1,6),  (8,14),
             (5,12), (12,14), (15,18), (5,6), (16,20)]

DI = disjoint_greedy(intervals2)
print("\n", DI)
for i in DI:
    print(intervals2[i], end = " ")













[(5, 8), (5, 9), (6, 10), (8, 11)]
[(5, 8), (5, 9), (6, 10), (8, 11)]
[(1, 4), (3, 5), (0, 6), (5, 8), (3, 8), (5, 9), (6, 10), (8, 11), (8, 12), (2, 13), (12, 14)]
4
5
3
[0, 3, 7, 10]
(1, 4) (5, 8) (8, 11) (12, 14)
 [0, 1, 4]
(1, 6) (7, 9) (10, 11)
 [0, 2, 4, 6, 8]
(1, 4) (5, 6) (8, 14) (15, 18) (19, 21)
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import math
#gets intervals within startI (the interval) and endI
def S(intervals, startI, endI):
    return [x for x in intervals
            if x[0]>=startI[1] and x[1] <= endI[0]]

def disjointInt(intervals, i, j, DP, D_sol):

    s = S(intervals, intervals[i], intervals[j])
    print(s)
    if len(s) == 0:
        return 0
    else:
        if (i,j) not in DP:
            m = 0
            start = intervals.index(s[0])
            end = intervals.index(s[-1])
            for k in range(start,end+1):
                print("\t{}".format((i,k)))
                #print(DP)
                if (i,k) not in DP:
                    DP[(i,k)] = disjointInt(intervals, i, k, DP, D_sol)#len(S(s, s[0], k))
                #print(DP)
                print("\t{}".format((k,j)))
                if (k, j) not in DP:
                    DP[(k, j)] = disjointInt(intervals,k, j, DP, D_sol) #len(S(s, s[0], k))
                new_cnt = DP[(i,k)] + DP[(k, j)] + 1
                if new_cnt > m:
                    m = new_cnt
                    tmpL = D_sol.get((i,k), [])
                    t1 = D_sol.get((k,j), [])
                    tmpL.extend(t1)
                    tmpL.append(k)
                    print(tmpL)
                    D_sol[(i,j)] = set(tmpL)

                m = max(m, new_cnt)

            DP[(i,j)] = m
            print(DP)


        return DP[(i,j)]



def disjoint_intervals(intervals):
    D = dict()
    D_sol = dict()
    sol_size = disjointInt(intervals, 0, len(intervals)-1, D, D_sol)
    vals = [(x, D[x]) for x in D.keys() if x[0] == 0]
    print(vals)
    print(D_sol)
    SOLS = [(x, D[x]) for x in D.keys() if x[0] == 0]
    print(SOLS)
    return sol_size

intervals = [(-math.inf,0), (1,4),(3,5), (0,6), (5,8), (3,8), (5,9), (6,10),(8,11),
             (8,12), (2,13), (12,14), (15,math.inf)]


print(S(intervals, (1,4), (12,14)))
print(S(intervals, (3,5), (12,14)))
print(S(intervals, intervals[0], intervals[-1]))


print(disjoint_intervals(intervals))

intervals2 = [(-math.inf,0), (1,4), (5,6), (1,6), (5,12), (8,14),
             (12,14), (15,18), (16,20), (19,21), (22, math.inf)]

print(disjoint_intervals(intervals2))

intervals3 = [(-math.inf,0), (1,6), (7,9), (1,10),
              (7,11), (10,11), (22, math.inf)]

print(disjoint_intervals(intervals3))















[(5, 8), (5, 9), (6, 10), (8, 11), (8, 12)]
[(5, 8), (5, 9), (6, 10), (8, 11), (8, 12)]
[(1, 4), (3, 5), (0, 6), (5, 8), (3, 8), (5, 9), (6, 10), (8, 11), (8, 12), (2, 13), (12, 14)]
[(1, 4), (3, 5), (0, 6), (5, 8), (3, 8), (5, 9), (6, 10), (8, 11), (8, 12), (2, 13), (12, 14)]
        (0, 1)
[]
        (1, 12)
[(5, 8), (5, 9), (6, 10), (8, 11), (8, 12), (12, 14)]
        (1, 4)
[]
        (4, 12)
[(8, 11), (8, 12), (12, 14)]
        (4, 8)
[]
        (8, 12)
[(12, 14)]
        (8, 11)
[]
        (11, 12)
[]
[11]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1}
[11, 8]
        (4, 9)
[]
        (9, 12)
[(12, 14)]
        (9, 11)
[]
        (11, 12)
[11]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1}
        (4, 10)
[]
        (10, 12)
[]
        (4, 11)
[(8, 11), (8, 12)]
        (4, 8)
        (8, 11)
[8]
        (4, 9)
        (9, 11)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1}
        (11, 12)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2}
[8, 11, 4]
        (1, 5)
[]
        (5, 12)
[(8, 11), (8, 12), (12, 14)]
        (5, 8)
[]
        (8, 12)
[11, 8]
        (5, 9)
[]
        (9, 12)
        (5, 10)
[]
        (10, 12)
        (5, 11)
[(8, 11), (8, 12)]
        (5, 8)
        (8, 11)
[8]
        (5, 9)
        (9, 11)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1}
        (11, 12)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2}
        (1, 6)
[]
        (6, 12)
[(12, 14)]
        (6, 11)
[]
        (11, 12)
[11]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1}
        (1, 7)
[]
        (7, 12)
[(12, 14)]
        (7, 11)
[]
        (11, 12)
[11]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1}
        (1, 8)
[(5, 8)]
        (1, 4)
        (4, 8)
[4]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1}
        (8, 12)
        (1, 9)
[(5, 8)]
        (1, 4)
        (4, 9)
[4]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1}
        (9, 12)
        (1, 10)
[]
        (10, 12)
        (1, 11)
[(5, 8), (5, 9), (6, 10), (8, 11), (8, 12)]
        (1, 4)
        (4, 11)
[8, 4]
        (1, 5)
        (5, 11)
        (1, 6)
        (6, 11)
        (1, 7)
        (7, 11)
        (1, 8)
        (8, 11)
        (1, 9)
        (9, 11)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2}
        (11, 12)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3}
[8, 11, 4, 1]
        (0, 2)
[]
        (2, 12)
[(5, 8), (5, 9), (6, 10), (8, 11), (8, 12), (12, 14)]
        (2, 4)
[]
        (4, 12)
[8, 11, 4]
        (2, 5)
[]
        (5, 12)
        (2, 6)
[]
        (6, 12)
        (2, 7)
[]
        (7, 12)
        (2, 8)
[(5, 8)]
        (2, 4)
        (4, 8)
[4]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1}
        (8, 12)
        (2, 9)
[(5, 8)]
        (2, 4)
        (4, 9)
[4]
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1}
        (9, 12)
        (2, 10)
[]
        (10, 12)
        (2, 11)
[(5, 8), (5, 9), (6, 10), (8, 11), (8, 12)]
        (2, 4)
        (4, 11)
[8, 4]
        (2, 5)
        (5, 11)
        (2, 6)
        (6, 11)
        (2, 7)
        (7, 11)
        (2, 8)
        (8, 11)
        (2, 9)
        (9, 11)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2}
        (11, 12)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3}
        (0, 3)
[]
        (3, 12)
[(6, 10), (8, 11), (8, 12), (12, 14)]
        (3, 7)
[]
        (7, 12)
[11, 7]
        (3, 8)
[]
        (8, 12)
        (3, 9)
[]
        (9, 12)
        (3, 10)
[]
        (10, 12)
        (3, 11)
[(6, 10), (8, 11), (8, 12)]
        (3, 7)
        (7, 11)
[7]
        (3, 8)
        (8, 11)
        (3, 9)
        (9, 11)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1}
        (11, 12)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2}
        (0, 4)
[(1, 4), (3, 5)]
        (0, 1)
        (1, 4)
[1]
        (0, 2)
        (2, 4)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1}
        (4, 12)
        (0, 5)
[]
        (5, 12)
        (0, 6)
[(1, 4), (3, 5)]
        (0, 1)
        (1, 6)
[1]
        (0, 2)
        (2, 6)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1, (0, 5): 0, (0, 6): 1}
        (6, 12)
        (0, 7)
[(1, 4), (3, 5), (0, 6)]
        (0, 1)
        (1, 7)
[1]
        (0, 2)
        (2, 7)
        (0, 3)
        (3, 7)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1, (0, 5): 0, (0, 6): 1, (0, 7): 1}
        (7, 12)
        (0, 8)
[(1, 4), (3, 5), (0, 6), (5, 8), (3, 8)]
        (0, 1)
        (1, 8)
[4, 1]
        (0, 2)
        (2, 8)
        (0, 3)
        (3, 8)
        (0, 4)
        (4, 8)
        (0, 5)
        (5, 8)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1, (0, 5): 0, (0, 6): 1, (0, 7): 1, (0, 8): 2}
        (8, 12)
        (0, 9)
[(1, 4), (3, 5), (0, 6), (5, 8), (3, 8)]
        (0, 1)
        (1, 9)
[4, 1]
        (0, 2)
        (2, 9)
        (0, 3)
        (3, 9)
        (0, 4)
        (4, 9)
        (0, 5)
        (5, 9)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1, (0, 5): 0, (0, 6): 1, (0, 7): 1, (0, 8): 2, (0, 9): 2}
        (9, 12)
        (0, 10)
[]
        (10, 12)
        (0, 11)
[(1, 4), (3, 5), (0, 6), (5, 8), (3, 8), (5, 9), (6, 10), (8, 11), (8, 12)]
        (0, 1)
        (1, 11)
[8, 4, 1]
        (0, 2)
        (2, 11)
        (0, 3)
        (3, 11)
        (0, 4)
        (4, 11)
        (0, 5)
        (5, 11)
        (0, 6)
        (6, 11)
        (0, 7)
        (7, 11)
        (0, 8)
        (8, 11)
        (0, 9)
        (9, 11)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1, (0, 5): 0, (0, 6): 1, (0, 7): 1, (0, 8): 2, (0, 9): 2, (0, 10): 0, (0, 11): 3}
        (11, 12)
{(0, 1): 0, (1, 4): 0, (4, 8): 0, (8, 11): 0, (11, 12): 0, (8, 12): 1, (4, 9): 0, (9, 11): 0, (9, 12): 1, (4, 10): 0, (10, 12): 0, (4, 11): 1, (4, 12): 2, (1, 5): 0, (5, 8): 0, (5, 9): 0, (5, 10): 0, (5, 11): 1, (5, 12): 2, (1, 6): 0, (6, 11): 0, (6, 12): 1, (1, 7): 0, (7, 11): 0, (7, 12): 1, (1, 8): 1, (1, 9): 1, (1, 10): 0, (1, 11): 2, (1, 12): 3, (0, 2): 0, (2, 4): 0, (2, 5): 0, (2, 6): 0, (2, 7): 0, (2, 8): 1, (2, 9): 1, (2, 10): 0, (2, 11): 2, (2, 12): 3, (0, 3): 0, (3, 7): 0, (3, 8): 0, (3, 9): 0, (3, 10): 0, (3, 11): 1, (3, 12): 2, (0, 4): 1, (0, 5): 0, (0, 6): 1, (0, 7): 1, (0, 8): 2, (0, 9): 2, (0, 10): 0, (0, 11): 3, (0, 12): 4}
[((0, 1), 0), ((0, 2), 0), ((0, 3), 0), ((0, 4), 1), ((0, 5), 0), ((0, 6), 1), ((0, 7), 1), ((0, 8), 2), ((0, 9), 2), ((0, 10), 0), ((0, 11), 3), ((0, 12), 4)]
{(8, 12): {11}, (4, 12): {8, 11}, (9, 12): {11}, (4, 11): {8}, (1, 12): {8, 11, 4}, (5, 12): {8, 11}, (5, 11): {8}, (6, 12): {11}, (7, 12): {11}, (1, 8): {4}, (1, 9): {4}, (1, 11): {8, 4}, (0, 12): {8, 1, 11, 4}, (2, 12): {8, 11, 4}, (2, 8): {4}, (2, 9): {4}, (2, 11): {8, 4}, (3, 12): {11, 7}, (3, 11): {7}, (0, 4): {1}, (0, 6): {1}, (0, 7): {1}, (0, 8): {1, 4}, (0, 9): {1, 4}, (0, 11): {8, 1, 4}}
[((0, 1), 0), ((0, 2), 0), ((0, 3), 0), ((0, 4), 1), ((0, 5), 0), ((0, 6), 1), ((0, 7), 1), ((0, 8), 2), ((0, 9), 2), ((0, 10), 0), ((0, 11), 3), ((0, 12), 4)]
4







Genome rearrangements greedy


[6]:






def simple_reversal_sorting(L):
    n= len(L)
    for i in range(0,n-1):
        j = L.index(i)
        if j != i:
            L[i:j+1] = L[i:j+1][::-1] # rho(i,j)
            print(L)


L = [5,0,1,2,3,4]
print("In list:\n{}\n".format(L))
simple_reversal_sorting(L)

L1 = [2, 4, 1, 3, 0]
print("\nIn list:\n{}\n".format(L1))
simple_reversal_sorting(L1)













In list:
[5, 0, 1, 2, 3, 4]

[0, 5, 1, 2, 3, 4]
[0, 1, 5, 2, 3, 4]
[0, 1, 2, 5, 3, 4]
[0, 1, 2, 3, 5, 4]
[0, 1, 2, 3, 4, 5]

In list:
[2, 4, 1, 3, 0]

[0, 3, 1, 4, 2]
[0, 1, 3, 4, 2]
[0, 1, 2, 4, 3]
[0, 1, 2, 3, 4]







[17]:






import time

def fib(n):
    if n<2:
        return 1
    return fib(n-1) + fib(n-2)

s=time.time()
print(fib(45))
e=time.time()
print("elapsed time: {:.3}s".format(e-s))













1836311903
elapsed time: 3.04e+02s







[24]:






##Automatic memoization in python

from functools import wraps

def memo(func):
    cache = {} # Stored subproblem solutions
    @wraps(func) # Make wrap look like func
    def wrap(*args): # The memoized wrapper
            if args not in cache: # Not already computed?
                cache[args] = func(*args) # Compute & cache the solution
            return cache[args] # Return the cached solution
    return wrap # Return the wrapper


@memo
def fib(n):
    if n<2:
        return 1
    return fib(n-1) + fib(n-2)

s=time.time()
print(fib(45))
e=time.time()
print("elapsed time: {:.3}s".format(e-s))













1836311903
elapsed time: 0.000436s
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Jupman Tests

In this page we put some tests for Jupyter. The page Title has one sharp, the Sections always have two sharps.


Sezione 1

bla bla




Sezione 2

Subsections always have three sharps


Subsection 1

bla bla




Subsection 2

bla bla






Quotes


I’m quoted with greater than symbol on multiple lines Am I readable?




I'm quoted with **spaces**
on multiple lines
Am I readable?








Download links

Files manually put in _static :


	Download trial.odt


	Download trial.pdf




Files in arbitrary folder position :


	Download requirements.txt




NOTE: download links are messy, see issue 8 [https://github.com/DavidLeoni/jupman/issues/8]




Info/Warning Boxes

Until there is an info/warning extension for Markdown/CommonMark (see this issue), such boxes can be created by using HTML

elements like this:


Note: This is an info!




Note: This is a warn!



For this to work reliably, you should obey the following guidelines:


	The class attribute has to be either “alert alert-info” or “alert alert-warning”, other values will not be converted correctly.


	No further attributes are allowed.


	For compatibility with CommonMark, you should add an empty line between the

start tag and the beginning of the content.
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Lookup performance check

Let’s check the performance of the lookup function by creating a random set of N elements


[ ]:






import random
from time import time

#V1: linear code ~ N

def lookup(L, v):
    for i in range(len(L)):
        if L[i] == v:
            return i
        elif L[i] > v:
            return -1
    return -1

#V2: dicotomic search ~ log N
def lookup_rec(L, v, start,end):
    if end < start:
        return -1
    else:
        m = (start + end)//2
        if L[m] == v: #found!
            return m
        elif v < L[m]: #look to the left
            return lookup_rec(L, v, start, m-1)
        else: #look to the right
            return lookup_rec(L, v, m+1, end)



if __name__ == "__main__":
    values = [random.randint(-30,30) for x in range(0,50000000)]

    searched_vals = [random.randint(-30,30) for x in range(1000)]
    input("Ready?")
    for i in range(1,5):
        st = time()
        print("V1: {} elements. Looking for {}, index: {}. Elapsed time: {:.3f}s".format(100000000*i,
                                                                           searched_vals[i],
                                                                           lookup(values[0:10000000*i], searched_vals[i]),
                                                                           time()-st))









[ ]:
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Performance check of max_sum

Let’s create batches of 1000 random numbers and find the max_sum with the different algorithms discussed in the lecture.


[1]:






%reset -s -f

import random
from time import time

#####################
# Version 1: N^3
#####################
def max_sum_v1(A):
    max_so_far = 0
    N = len(A)
    for i in range(N):
        for j in range(i,N):
            tmp_sum = sum (A[i:j+1])
            max_so_far = max(tmp_sum, max_so_far)

    return max_so_far


#####################
# Version 2: N^2
#####################
def max_sum_v2(A):
    N = len(A)
    max_so_far = 0
    space = 0
    for i in range(N):
        tot = 0 #ACCUMULATOR!
        for j in range(i,N):
            tot = tot + A[j]
            max_so_far = max(max_so_far, tot)
    return max_so_far



#####################
# Version 2: (accumulate) N^2
#####################
from itertools import accumulate
def max_sum_v2_bis(A):
    N = len(A)
    max_so_far = 0
    #space = 0
    for i in range(N):
        tot = max(accumulate(A[i:]))
        max_so_far = max(max_so_far,tot)

    return max_so_far



#####################
# Version 3: N log N
#####################
def max_sum_v3_rec(A, i, j):
    if i == j:
        return max(0, A[i])
    m = (i+j)//2
    maxML = 0
    s = 0
    for k in range(m,i-1,-1):
        s = s + A[k]
        maxML = max(maxML, s)

    maxMR = 0
    s = 0
    for k in range(m+1, j+1):
        s = s + A[k]
        maxMR = max(maxMR, s)
    maxL = max_sum_v3_rec(A,i,m) #Left maximal subvector
    maxR = max_sum_v3_rec(A,m+1,j) #Right maximal subvector

    return max(maxL, maxR, maxML + maxMR)




#####################
# Version 3 with accumulator: N log N
#####################
def max_sum_v3_rec_bis(A,i,j):
    if i == j:
        return max(0,A[i])
    m = (i+j)//2
    maxL = max_sum_v3_rec_bis(A,i,m)
    maxR = max_sum_v3_rec_bis(A, m+1, j)
    maxML = max(accumulate(A[m:-len(A) + i -1: -1]))
    maxMR = max(accumulate(A[m+1:j+1]))
    return max(maxL, maxR, maxML+ maxMR)

def max_sum_v3(A):
    return max_sum_v3_rec_bis(A,0,len(A) - 1)


#####################
# Version 4: N
#####################
def max_sum_v4(A):
    max_so_far = 0
    max_here = 0
    for val in A:
        max_here = max(val + max_here, 0)
        max_so_far = max(max_so_far, max_here)
    return max_so_far



if __name__ == "__main__":
    values = [random.randint(-30,30) for x in range(0,500000)]

    #from matplotlib import pyplot as plt

    #x = []
    #y1 = []
    #y2 = []
    #y3 = []
    #y4 = []
    #y5 = []

    #for i in range(1000,2501,100):
    #    print(i)
    #    x.append(i)
    #    st = time()
    #    max_sum_v1(values[0:i])
    #    y1.append(time()-st)
    #    st = time()
    #    max_sum_v2(values[0:i])
    #    y2.append(time()-st)
    #    st = time()
    #    max_sum_v2_bis(values[0:i])
    #    y3.append(time()-st)
    #    st = time()
    #    max_sum_v3(values[0:i])
    #    y4.append(time()-st)
    #    st = time()
    #    max_sum_v4(values[0:i])
    #    y5.append(time()-st)



    #plt.plot(x, y1, label='O(n^3)')
    #plt.plot(x, y2, label='O(n^2)')
    #plt.plot(x, y3, label='O(n^2 (accumulate))')
    #plt.plot(x, y4, label='O(n log n)')
    #plt.plot(x, y5, label='O(n)')
    #plt.legend()
    #plt.ylabel("Time")
    #plt.xlabel("List size")
    #plt.show()
        #print("V1: {} elements. Max sum: {}. Elapsed time: {:.3f}s".format(i,
        #                                                                   max_sum_v1(values[0:i]),
        #                                                                   time()-st))

    print("\n### V1: N^3 ####\n")
    for i in range(1000,3001,1000):
        st = time()
        print("V1: {} elements. Max sum: {}. Elapsed time: {:.3f}s".format(i,
                                                                           max_sum_v1(values[0:i]),
                                                                           time()-st))

    go = input("Ready?")
    print("\n### V2: N^2 ####\n")


    for i in range(1000,12001,1000):
        st = time()
        print("V2: {} elements. Max sum: {}. Elapsed time: {:.3f}s".format(i,
                                                                           max_sum_v2(values[0:i]),
                                                                           time()-st))

    go = input("Ready?")
    print("\n### V2: N^2 (accumulate) ####\n")

    for i in range(1000,15001,1000):
        st = time()
        print("V2 bis: {} elements. Max sum: {}. Elapsed time: {:.3f}s".format(i,
                                                                           max_sum_v2_bis(values[0:i]),
                                                                           time()-st))


    go = input("Ready?")
    print("\n### V3: N log N ####\n")



    for i in range(1000,51001,5000):
        st = time()
        print("V3: {} elements. Max sum: {}. Elapsed time: {:.3f}s".format(i,
                                                                           max_sum_v3(values[0:i]),
                                                                           time()-st))

    go = input("Ready?")
    print("\n### V4: N ####\n")

    for i in range(1000,201001,20000):
        st = time()
        print("V4: {} elements. Max sum: {}. Elapsed time: {:.3f}s".format(i,
                                                                           max_sum_v3(values[0:i]),
                                                                           time()-st))
    print("\nAll done!")














### V1: N^3 ####

V1: 1000 elements. Max sum: 609. Elapsed time: 1.167s
V1: 2000 elements. Max sum: 998. Elapsed time: 9.588s
V1: 3000 elements. Max sum: 1527. Elapsed time: 35.022s
Ready?

### V2: N^2 ####

V2: 1000 elements. Max sum: 609. Elapsed time: 0.075s
V2: 2000 elements. Max sum: 998. Elapsed time: 0.301s
V2: 3000 elements. Max sum: 1527. Elapsed time: 0.629s
V2: 4000 elements. Max sum: 2179. Elapsed time: 1.134s
V2: 5000 elements. Max sum: 2179. Elapsed time: 1.791s
V2: 6000 elements. Max sum: 2179. Elapsed time: 2.564s
V2: 7000 elements. Max sum: 2179. Elapsed time: 3.593s
V2: 8000 elements. Max sum: 2179. Elapsed time: 4.687s
V2: 9000 elements. Max sum: 2466. Elapsed time: 5.764s
V2: 10000 elements. Max sum: 2466. Elapsed time: 7.137s
V2: 11000 elements. Max sum: 2466. Elapsed time: 8.903s
V2: 12000 elements. Max sum: 2466. Elapsed time: 10.294s
Ready?

### V2: N^2 (accumulate) ####

V2 bis: 1000 elements. Max sum: 609. Elapsed time: 0.032s
V2 bis: 2000 elements. Max sum: 998. Elapsed time: 0.067s
V2 bis: 3000 elements. Max sum: 1527. Elapsed time: 0.169s
V2 bis: 4000 elements. Max sum: 2179. Elapsed time: 0.289s
V2 bis: 5000 elements. Max sum: 2179. Elapsed time: 0.436s
V2 bis: 6000 elements. Max sum: 2179. Elapsed time: 0.648s
V2 bis: 7000 elements. Max sum: 2179. Elapsed time: 0.952s
V2 bis: 8000 elements. Max sum: 2179. Elapsed time: 1.192s
V2 bis: 9000 elements. Max sum: 2466. Elapsed time: 1.452s
V2 bis: 10000 elements. Max sum: 2466. Elapsed time: 1.835s
V2 bis: 11000 elements. Max sum: 2466. Elapsed time: 2.127s
V2 bis: 12000 elements. Max sum: 2466. Elapsed time: 2.521s
V2 bis: 13000 elements. Max sum: 2466. Elapsed time: 2.959s
V2 bis: 14000 elements. Max sum: 2466. Elapsed time: 3.397s
V2 bis: 15000 elements. Max sum: 2466. Elapsed time: 3.948s
Ready?

### V3: N log N ####

V3: 1000 elements. Max sum: 609. Elapsed time: 0.002s
V3: 6000 elements. Max sum: 2179. Elapsed time: 0.012s
V3: 11000 elements. Max sum: 2466. Elapsed time: 0.021s
V3: 16000 elements. Max sum: 2643. Elapsed time: 0.028s
V3: 21000 elements. Max sum: 2643. Elapsed time: 0.033s
V3: 26000 elements. Max sum: 2643. Elapsed time: 0.040s
V3: 31000 elements. Max sum: 2643. Elapsed time: 0.048s
V3: 36000 elements. Max sum: 2643. Elapsed time: 0.056s
V3: 41000 elements. Max sum: 2643. Elapsed time: 0.071s
V3: 46000 elements. Max sum: 2643. Elapsed time: 0.073s
V3: 51000 elements. Max sum: 2643. Elapsed time: 0.090s
Ready?

### V4: N ####

V4: 1000 elements. Max sum: 609. Elapsed time: 0.001s
V4: 21000 elements. Max sum: 2643. Elapsed time: 0.043s
V4: 41000 elements. Max sum: 2643. Elapsed time: 0.063s
V4: 61000 elements. Max sum: 3258. Elapsed time: 0.105s
V4: 81000 elements. Max sum: 5204. Elapsed time: 0.144s
V4: 101000 elements. Max sum: 6839. Elapsed time: 0.171s
V4: 121000 elements. Max sum: 10185. Elapsed time: 0.197s
V4: 141000 elements. Max sum: 11851. Elapsed time: 0.255s
V4: 161000 elements. Max sum: 12896. Elapsed time: 0.284s
V4: 181000 elements. Max sum: 12896. Elapsed time: 0.312s
V4: 201000 elements. Max sum: 12896. Elapsed time: 0.392s

All done!
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Some code to test things on the maximal sum introduced in the classroom


The problem:

Find the maximal sum in a list of integers.

Given a list of integers \(A\) of length N, find a sublist A[i:j] such that \(\sum_{k=i}^{j-1} A[k]\) is greater or equal than the sum of every other interval.

A simpler version: Find the maximal sum, rather than the interval that provides the maximal sum.
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import sys
import matplotlib.pyplot as plt

%matplotlib inline

#Solution 1 - O(N^3)

def max_sum_v1(A):
    max_so_far = 0
    N = len(A)
    max_space_occupied = 0
    for i in range(N):
        for j in range(i,N):
            tmp_sum = sum (A[i:j+1])
            max_so_far = max(tmp_sum, max_so_far)
            max_space_occupied = max(max_space_occupied,
                                sys.getsizeof(tmp_sum),
                                sys.getsizeof(max_so_far),
                                sys.getsizeof(A[i:j+1]))

    return max_so_far, max_space_occupied

def max_sum_v1_listc_1(A):
    N = len(A)
    max_space_occupied = 0
    sums = [sum(A[i:j+1]) for i in range(N) for j in range(i,N)]

    max_space_occupied =  sys.getsizeof(sums)
    return max(sums),max_space_occupied


def max_sum_v1_listc(A):
    N = len(A)
    max_space_occupied = 0
    intervals = [A[i:j+1] for i in range(N) for j in range(i,N)]
    sums = [sum(vals) for vals in intervals]
    max_space_occupied = sys.getsizeof(intervals) + sys.getsizeof(sums)
    return max(sums),max_space_occupied


#A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
import random
A = []
labels = ["v1", "v1_listComp", "v1_listComp_1"]
space_by_algo = [[],[],[]]
inputs = [5,10,30,50, 75,100,200, 500, 750, 1000]#,1200]
for N in inputs:
    print("List size: {}".format(N))
    for i in range(N):
        A.append(random.randint(-10,100))
    ms,space = max_sum_v1(A)
    space_by_algo[0].append(space)
    print("Max sum is: {}. Used: {:,} bytes".format(ms,space))
    ms,space = max_sum_v1_listc_1(A)
    space_by_algo[1].append(space)
    print("Max sum is: {}. Used: {:,} bytes".format(ms, space))
    ms,space = max_sum_v1_listc(A)
    print("Max sum is: {}. Used: {:,} bytes".format(ms, space))
    space_by_algo[2].append(space)

print(inputs)
for i in range(len(space_by_algo)):
    print(space_by_algo[i])

plt.plot(inputs, space_by_algo[0], 'r',
         inputs, space_by_algo[1], 'g',
         inputs, space_by_algo[2], 'b')
plt.xlabel("List size")
plt.ylabel("used memory [bytes]")
plt.legend(labels)
plt.show()
# How much space does it take?
#import sys
#import random

#a = list()
#print("Empty list uses: {} bytes".format(sys.getsizeof(a)))
#for i in range(100000000):
#    a.append(random.randint(0,10000))
#print("List with {:,} elements uses: {} bytes".format( i+1, sys.getsizeof(a)))













List size: 5
Max sum is: 362. Used: 104 bytes
Max sum is: 362. Used: 192 bytes
Max sum is: 362. Used: 384 bytes
List size: 10
Max sum is: 913. Used: 184 bytes
Max sum is: 913. Used: 1,072 bytes
Max sum is: 913. Used: 2,144 bytes
List size: 30
Max sum is: 2189. Used: 424 bytes
Max sum is: 2189. Used: 9,024 bytes
Max sum is: 2189. Used: 18,048 bytes
List size: 50
Max sum is: 4406. Used: 824 bytes
Max sum is: 4406. Used: 38,216 bytes
Max sum is: 4406. Used: 76,432 bytes
List size: 75
Max sum is: 7743. Used: 1,424 bytes
Max sum is: 7743. Used: 124,920 bytes
Max sum is: 7743. Used: 249,840 bytes
List size: 100
Max sum is: 12515. Used: 2,224 bytes
Max sum is: 12515. Used: 321,104 bytes
Max sum is: 12515. Used: 642,208 bytes
List size: 200
Max sum is: 21412. Used: 3,824 bytes
Max sum is: 21412. Used: 927,568 bytes
Max sum is: 21412. Used: 1,855,136 bytes
List size: 500
Max sum is: 43788. Used: 7,824 bytes
Max sum is: 43788. Used: 3,813,304 bytes
Max sum is: 43788. Used: 7,626,608 bytes
List size: 750
Max sum is: 76876. Used: 13,824 bytes
Max sum is: 76876. Used: 12,383,856 bytes
Max sum is: 76876. Used: 24,767,712 bytes
List size: 1000
Max sum is: 124174. Used: 21,824 bytes
Max sum is: 124174. Used: 31,774,872 bytes
Max sum is: 124174. Used: 63,549,744 bytes
[5, 10, 30, 50, 75, 100, 200, 500, 750, 1000]
[104, 184, 424, 824, 1424, 2224, 3824, 7824, 13824, 21824]
[192, 1072, 9024, 38216, 124920, 321104, 927568, 3813304, 12383856, 31774872]
[384, 2144, 18048, 76432, 249840, 642208, 1855136, 7626608, 24767712, 63549744]
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import sys

#Version 1:


def max_sum_v1(A):
    max_so_far = 0
    N = len(A)
    max_space_occupied = 0
    for i in range(N):
        for j in range(i,N):
            tmp_sum = sum (A[i:j+1])
            max_so_far = max(tmp_sum, max_so_far)
            max_space_occupied = max(max_space_occupied,
                                sys.getsizeof(tmp_sum),
                                sys.getsizeof(max_so_far),
                                sys.getsizeof(A[i:j+1]))

    return max_so_far, max_space_occupied

#Version 2:

def max_sum_v2(A):
    N = len(A)
    max_so_far = 0
    space = 0
    for i in range(N):
        tot = 0 #ACCUMULATOR!
        for j in range(i,N):
            tot = tot + A[j]
            max_so_far = max(max_so_far, tot)
            space = max(space, sys.getsizeof(tot), sys.getsizeof(max_so_far),  sys.getsizeof(A[j]))
    return max_so_far,space

from itertools import accumulate
def max_sum_v2_bis(A):
    N = len(A)
    max_so_far = 0
    space = 0
    for i in range(N):
        tot = max(accumulate(A[i:]))
        max_so_far = max(max_so_far,tot)
        space = max(space,
                    sys.getsizeof(tot),
                    sys.getsizeof(max_so_far),
                    sys.getsizeof(accumulate(A[i:])))
    return max_so_far, space




def max_sum_v3_rec(A, i, j):
    if i == j:
        return max(0, A[i])
    m = (i+j)//2
    maxML = 0
    s = 0
    for k in range(m,i-1,-1):
        s = s + A[k]
        maxML = max(maxML, s)

    maxMR = 0
    s = 0
    for k in range(m+1, j+1):
        s = s + A[k]
        maxMR = max(maxMR, s)
    maxL = max_sum_v3_rec(A,i,m) #Left maximal subvector
    maxR = max_sum_v3_rec(A,m+1,j) #Right maximal subvector

    return max(maxL, maxR, maxML + maxMR)


def max_sum_v3_rec_bis(A,i,j):
    if i == j:
        return max(0,A[i])
    m = (i+j)//2
    maxL = max_sum_v3_rec_bis(A,i,m)
    maxR = max_sum_v3_rec_bis(A, m+1, j)
    maxML = max(accumulate(A[m:-len(A) + i -1: -1]))
    maxMR = max(accumulate(A[m+1:j+1]))
    return max(maxL, maxR, maxML+ maxMR)

def max_sum_v3(A):
    return max_sum_v3_rec_bis(A,0,len(A) - 1)


def max_sum_v4(A):
    max_so_far = 0
    max_here = 0
    for val in A:
        max_here = max(val + max_here, 0)
        max_so_far = max(max_so_far, max_here)
    return max_so_far


A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(A)
print(list(accumulate(A)))
res, _ = max_sum_v1(A)
print(res)
res, _ = max_sum_v2(A)
print(res)
res, _ = max_sum_v2_bis(A)
print(res)
res = max_sum_v3(A)
print(res)
res = max_sum_v4(A)
print(res)

import random
A = []
labels = ["v1", "v2", "v2_bis"]
space_by_algo = [[],[],[]]
inputs = [5,10,30,50, 75,100,200, 500, 750, 1000]#,1200]
for N in inputs:
    print("List size: {}".format(N))
    for i in range(N):
        A.append(random.randint(-10,100))
    ms,space = max_sum_v1(A)
    space_by_algo[0].append(space)
    print("Max sum is: {}. Used: {:,} bytes".format(ms,space))
    ms,space = max_sum_v2(A)
    space_by_algo[1].append(space)
    print("Max sum is: {}. Used: {:,} bytes".format(ms,space))
    ms,space = max_sum_v2_bis(A)
    space_by_algo[2].append(space)
    print("Max sum is: {}. Used: {:,} bytes".format(ms,space))


print(inputs)
for i in range(len(space_by_algo)):
    print(space_by_algo[i])

plt.plot(inputs, space_by_algo[0], 'r',
         inputs, space_by_algo[1], 'g',
         inputs, space_by_algo[2], 'b')
plt.xlabel("List size")
plt.ylabel("used memory [bytes]")
plt.legend(labels)
plt.show()













[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
[1, 4, 8, 0, 2, 5, 4, 7, 11, 8, 18, 15, 17]
18
18
18
18
18
List size: 5
Max sum is: 108. Used: 104 bytes
Max sum is: 108. Used: 28 bytes
Max sum is: 108. Used: 64 bytes
List size: 10
Max sum is: 367. Used: 184 bytes
Max sum is: 367. Used: 28 bytes
Max sum is: 367. Used: 64 bytes
List size: 30
Max sum is: 1870. Used: 424 bytes
Max sum is: 1870. Used: 28 bytes
Max sum is: 1870. Used: 64 bytes
List size: 50
Max sum is: 4156. Used: 824 bytes
Max sum is: 4156. Used: 28 bytes
Max sum is: 4156. Used: 64 bytes
List size: 75
Max sum is: 7325. Used: 1,424 bytes
Max sum is: 7325. Used: 28 bytes
Max sum is: 7325. Used: 64 bytes
List size: 100
Max sum is: 11601. Used: 2,224 bytes
Max sum is: 11601. Used: 28 bytes
Max sum is: 11601. Used: 64 bytes
List size: 200
Max sum is: 20801. Used: 3,824 bytes
Max sum is: 20801. Used: 28 bytes
Max sum is: 20801. Used: 64 bytes
List size: 500
Max sum is: 43300. Used: 7,824 bytes
Max sum is: 43300. Used: 28 bytes
Max sum is: 43300. Used: 64 bytes
List size: 750
Max sum is: 77731. Used: 13,824 bytes
Max sum is: 77731. Used: 28 bytes
Max sum is: 77731. Used: 64 bytes
List size: 1000
Max sum is: 121840. Used: 21,824 bytes
Max sum is: 121840. Used: 28 bytes
Max sum is: 121840. Used: 64 bytes
[5, 10, 30, 50, 75, 100, 200, 500, 750, 1000]
[104, 184, 424, 824, 1424, 2224, 3824, 7824, 13824, 21824]
[28, 28, 28, 28, 28, 28, 28, 28, 28, 28]
[64, 64, 64, 64, 64, 64, 64, 64, 64, 64]
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A = list(range(10))
print(A)

#interval 4-2 going to the left...
M = 4
i = 2
print(-len(A) + i - 1)
A[M: -len(A) + i -1 : -1]













[0, 1, 2, 3, 4, 5, 6, 7, 8, 9]
-9
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[4, 3, 2]
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def max_sum_v1(A):
    max_so_far = 0
    N = len(A)
    for i in range(N):
        for j in range(i,N):
            tmp_sum = sum (A[i:j+1])
            max_so_far = max(tmp_sum, max_so_far)

    return max_so_far

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(A)
print(max_sum_v1(A))













[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
18







[9]:






def max_sum_v1_listc_1(A):
    N = len(A)
    sums = [sum(A[i:j+1]) for i in range(N) for j in range(i,N)]

    print(sums)
    print(len(sums))
    return max(sums)

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(len(A))
print(A)
print(max_sum_v1_listc_1(A))
intervals = [(i,j) for i in range(len(A)) for j in range(i, len(A))]
print(intervals)
print(len(intervals))













13
[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
[1, 4, 8, 0, 2, 5, 4, 7, 11, 8, 18, 15, 17, 3, 7, -1, 1, 4, 3, 6, 10, 7, 17, 14, 16, 4, -4, -2, 1, 0, 3, 7, 4, 14, 11, 13, -8, -6, -3, -4, -1, 3, 0, 10, 7, 9, 2, 5, 4, 7, 11, 8, 18, 15, 17, 3, 2, 5, 9, 6, 16, 13, 15, -1, 2, 6, 3, 13, 10, 12, 3, 7, 4, 14, 11, 13, 4, 1, 11, 8, 10, -3, 7, 4, 6, 10, 7, 9, -3, -1, 2]
91
18
[(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), (0, 9), (0, 10), (0, 11), (0, 12), (1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (1, 8), (1, 9), (1, 10), (1, 11), (1, 12), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (2, 7), (2, 8), (2, 9), (2, 10), (2, 11), (2, 12), (3, 3), (3, 4), (3, 5), (3, 6), (3, 7), (3, 8), (3, 9), (3, 10), (3, 11), (3, 12), (4, 4), (4, 5), (4, 6), (4, 7), (4, 8), (4, 9), (4, 10), (4, 11), (4, 12), (5, 5), (5, 6), (5, 7), (5, 8), (5, 9), (5, 10), (5, 11), (5, 12), (6, 6), (6, 7), (6, 8), (6, 9), (6, 10), (6, 11), (6, 12), (7, 7), (7, 8), (7, 9), (7, 10), (7, 11), (7, 12), (8, 8), (8, 9), (8, 10), (8, 11), (8, 12), (9, 9), (9, 10), (9, 11), (9, 12), (10, 10), (10, 11), (10, 12), (11, 11), (11, 12), (12, 12)]
91







[10]:






def max_sum_v1_listc(A):
    N = len(A)
    intervals = [A[i:j+1] for i in range(N) for j in range(i,N)]
    sums = [sum(vals) for vals in intervals]
    return max(sums)

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(A)
print(max_sum_v1_listc(A))













[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
18
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def max_sum_v2(A):
    N = len(A)
    max_so_far = 0
    totals = []
    maxes = []
    for i in range(N):
        tot = 0 #ACCUMULATOR!
        totals.append(tot)
        for j in range(i,N):
            tot = tot + A[j]
            totals.append(tot)
            max_so_far = max(max_so_far, tot)
            maxes.append(max_so_far)
    print("Totals")
    print(totals)
    print("Maxes")
    print(len(maxes))
    return max_so_far

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(A)
print(max_sum_v2(A))













[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
Totals
[0, 1, 4, 8, 0, 2, 5, 4, 7, 11, 8, 18, 15, 17, 0, 3, 7, -1, 1, 4, 3, 6, 10, 7, 17, 14, 16, 0, 4, -4, -2, 1, 0, 3, 7, 4, 14, 11, 13, 0, -8, -6, -3, -4, -1, 3, 0, 10, 7, 9, 0, 2, 5, 4, 7, 11, 8, 18, 15, 17, 0, 3, 2, 5, 9, 6, 16, 13, 15, 0, -1, 2, 6, 3, 13, 10, 12, 0, 3, 7, 4, 14, 11, 13, 0, 4, 1, 11, 8, 10, 0, -3, 7, 4, 6, 0, 10, 7, 9, 0, -3, -1, 0, 2]
Maxes
91
18
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from itertools import accumulate

A = [1,2,3,-3,12,-4,1,-1,-2,1]
print(A)
print(list(accumulate(A)))













[1, 2, 3, -3, 12, -4, 1, -1, -2, 1]
[1, 3, 6, 3, 15, 11, 12, 11, 9, 10]
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from itertools import accumulate

def max_sum_v2_bis(A):
    N = len(A)
    max_so_far = 0
    for i in range(N):
        tot = max(accumulate(A[i:]))
        max_so_far = max(max_so_far,tot)
    return max_so_far


A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(A)
print(max_sum_v2_bis(A))













[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
18







[22]:







from itertools import accumulate

def max_sum_v3_rec_bis(A,i,j):
    if i == j:
        return max(0,A[i])
    m = (i+j)//2
    maxL = max_sum_v3_rec_bis(A,i,m)
    maxR = max_sum_v3_rec_bis(A, m+1, j)
    maxML = max(accumulate(A[m:-len(A) + i -1: -1]))
    maxMR = max(accumulate(A[m+1:j+1]))
    return max(maxL, maxR, maxML+ maxMR)

def max_sum_v3(A):
    return max_sum_v3_rec_bis(A,0,len(A) - 1)


A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print(A)
print(max_sum_v3(A))













[1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
18







[23]:






A = list(range(10))
print(A)

#interval 4-2 going to the left...
M = 4
print(-len(A) + 2 - 1)
A[M: -len(A) + 2 -1 : -1]













[0, 1, 2, 3, 4, 5, 6, 7, 8, 9]
-9







[23]:







[4, 3, 2]







[6]:






%reset -s -f

def max_sum_v4(A):
    max_so_far = 0 #Max found so far
    max_here = 0   #Max slice ending at cur pos
    msf = list()
    max_h = list()
    msf.append(0)
    max_h.append(0)
    for i in range(len(A)):
        max_here = max(A[i] + max_here, 0)
        max_so_far = max(max_so_far, max_here)
        msf.append(max_so_far)
        max_h.append(max_here)

    print("Max_so_far:\t{}".format(msf))
    print("Max_here:\t{}".format(max_h))
    return max_so_far

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print("A:\t{}".format(A))
print(max_sum_v4(A))

B = [-1, -3, -1, -12, -4, -7]
print(max_sum_v4(B))














A:      [1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
Max_so_far:     [0, 1, 4, 8, 8, 8, 8, 8, 8, 11, 11, 18, 18, 18]
Max_here:       [0, 1, 4, 8, 0, 2, 5, 4, 7, 11, 8, 18, 15, 17]
18
Max_so_far:     [0, 0, 0, 0, 0, 0, 0]
Max_here:       [0, 0, 0, 0, 0, 0, 0]
0







[25]:






%reset -s -f

def max_sum_v4_bis(A):
    max_so_far = 0 #Max found so far
    max_here = 0   #Max slice ending at cur pos
    start = 0 #start of cur maximal slice
    end = 0   #end of cur maximal slice
    last = 0  #beginning of max slice ending here
    msf = list()
    max_h = list()
    msf.append(0)
    max_h.append(0)
    lasts = [0]
    starts = [0]
    ends = [0]
    for i in range(len(A)):
        max_here = A[i] + max_here
        if max_here <= 0:
            max_here = 0
            last = i + 1
        if max_here > max_so_far:
            max_so_far = max_here
            start = last
            end = i
        msf.append(max_so_far)
        max_h.append(max_here)
        starts.append(start)
        ends.append(end)
        lasts.append(last)


    print("Max_so_far:\t{}".format(msf))
    print("Max_here:\t{}".format(max_h))
    print("Last:\t{}".format(lasts))
    print("Start:\t{}".format(starts))
    print("End:\t{}".format(ends))
    return (start,end,max_so_far)

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print("A:\t{}".format(A))
print(max_sum_v4_bis(A))













A:      [1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
Max_so_far:     [0, 1, 4, 8, 8, 8, 8, 8, 8, 11, 11, 18, 18, 18]
Max_here:       [0, 1, 4, 8, 0, 2, 5, 4, 7, 11, 8, 18, 15, 17]
Last:   [0, 0, 0, 0, 4, 4, 4, 4, 4, 4, 4, 4, 4, 4]
Start:  [0, 0, 0, 0, 0, 0, 0, 0, 0, 4, 4, 4, 4, 4]
End:    [0, 0, 1, 2, 2, 2, 2, 2, 2, 8, 8, 10, 10, 10]
(4, 10, 18)







[5]:






%reset -s -f

def max_sum_v4_bis(A):
    max_so_far = 0 #Max found so far
    max_here = 0   #Max slice ending at cur pos
    start = 0 #start of cur maximal slice
    end = 0   #end of cur maximal slice
    last = 0  #beginning of max slice ending here
    for i in range(len(A)):
        max_here = A[i] + max_here
        if max_here <= 0:
            max_here = 0
            last = i + 1
        if max_here > max_so_far:
            max_so_far = max_here
            start = last
            end = i

    return (start,end,max_so_far)

A = [1,3,4,-8,2, 3,-1,3,4,-3,10,-3,2]
print("A: {}".format(A))
print(max_sum_v4_bis(A))













A: [1, 3, 4, -8, 2, 3, -1, 3, 4, -3, 10, -3, 2]
(4, 10, 18)











Performance check of max_sum

Let’s create 100 batches of 1000 random numbers and find the max_sum with the different algorithms.


[25]:






%reset -s -f

import random
from time import time

#####################
# Version 1: N^3
#####################
def max_sum_v1(A):
    max_so_far = 0
    N = len(A)
    for i in range(N):
        for j in range(i,N):
            tmp_sum = sum (A[i:j+1])
            max_so_far = max(tmp_sum, max_so_far)

    return max_so_far


#####################
# Version 2: N^2
#####################
def max_sum_v2(A):
    N = len(A)
    max_so_far = 0
    space = 0
    for i in range(N):
        tot = 0 #ACCUMULATOR!
        for j in range(i,N):
            tot = tot + A[j]
            max_so_far = max(max_so_far, tot)
#             space = max(space, sys.getsizeof(tot), sys.getsizeof(max_so_far),  sys.getsizeof(A[j]))
    return max_so_far#,space



#####################
# Version 2: (accumulate) N^2
#####################
from itertools import accumulate
def max_sum_v2_bis(A):
    N = len(A)
    max_so_far = 0
    #space = 0
    for i in range(N):
        tot = max(accumulate(A[i:]))
        max_so_far = max(max_so_far,tot)
        #space = max(space,
        #            sys.getsizeof(tot),
        #            sys.getsizeof(max_so_far),
        #            sys.getsizeof(accumulate(A[i:])))
    return max_so_far#, space



#####################
# Version 3: N log N
#####################
def max_sum_v3_rec(A, i, j):
    if i == j:
        return max(0, A[i])
    m = (i+j)//2
    maxML = 0
    s = 0
    for k in range(m,i-1,-1):
        s = s + A[k]
        maxML = max(maxML, s)

    maxMR = 0
    s = 0
    for k in range(m+1, j+1):
        s = s + A[k]
        maxMR = max(maxMR, s)
    maxL = max_sum_v3_rec(A,i,m) #Left maximal subvector
    maxR = max_sum_v3_rec(A,m+1,j) #Right maximal subvector

    return max(maxL, maxR, maxML + maxMR)




#####################
# Version 4: N
#####################
def max_sum_v3_rec_bis(A,i,j):
    if i == j:
        return max(0,A[i])
    m = (i+j)//2
    maxL = max_sum_v3_rec_bis(A,i,m)
    maxR = max_sum_v3_rec_bis(A, m+1, j)
    maxML = max(accumulate(A[m:-len(A) + i -1: -1]))
    maxMR = max(accumulate(A[m+1:j+1]))
    return max(maxL, maxR, maxML+ maxMR)

def max_sum_v3(A):
    return max_sum_v3_rec_bis(A,0,len(A) - 1)


def max_sum_v4(A):
    max_so_far = 0
    max_here = 0
    for val in A:
        max_here = max(val + max_here, 0)
        max_so_far = max(max_so_far, max_here)
    return max_so_far



if __name__ == "__main__":
    values = [random.randint(-30,30) for x in range(0,500000)]

    for i in range(1000,3001,1000):
        st = time()
        print("V1: {} elements. Max sum: {}. Elapsed time: {:2f}s".format(i,max_sum_v1(values[0:i]), time()-st))
    print("\n#######\n")

    for i in range(1000,10000,1000):
        st = time()
        print("V2: {} elements. Max sum: {}. Elapsed time: {:2f}s".format(i,max_sum_v2(values[0:i]), time()-st))

    print("\n#######\n")

    for i in range(1000,50000,1000):
        st = time()
        print("V3: {} elements. Max sum: {}. Elapsed time: {:2f}s".format(i,max_sum_v3(values[0:i]), time()-st))

    print("\n#######\n")

    for i in range(1000,300000,1000):
        st = time()
        print("V4: {} elements. Max sum: {}. Elapsed time: {:2f}s".format(i,max_sum_v3(values[0:i]), time()-st))













V1: 1000 elements. Max sum: 648. Elapsed time: 1.049831s
V1: 2000 elements. Max sum: 1058. Elapsed time: 8.873598s
V1: 3000 elements. Max sum: 1426. Elapsed time: 34.075068s

#######

V2: 1000 elements. Max sum: 648. Elapsed time: 0.071150s
V2: 2000 elements. Max sum: 1058. Elapsed time: 0.281142s
V2: 3000 elements. Max sum: 1426. Elapsed time: 0.636129s
V2: 4000 elements. Max sum: 1426. Elapsed time: 1.139100s
V2: 5000 elements. Max sum: 1426. Elapsed time: 1.894906s
V2: 6000 elements. Max sum: 1426. Elapsed time: 2.947806s
V2: 7000 elements. Max sum: 1426. Elapsed time: 3.748219s
V2: 8000 elements. Max sum: 1940. Elapsed time: 4.574533s
V2: 9000 elements. Max sum: 1940. Elapsed time: 6.668893s

#######

V3: 1000 elements. Max sum: 648. Elapsed time: 0.001863s
V3: 2000 elements. Max sum: 1058. Elapsed time: 0.004365s
V3: 3000 elements. Max sum: 1426. Elapsed time: 0.004362s
V3: 4000 elements. Max sum: 1426. Elapsed time: 0.006347s
V3: 5000 elements. Max sum: 1426. Elapsed time: 0.009311s
V3: 6000 elements. Max sum: 1426. Elapsed time: 0.010828s
V3: 7000 elements. Max sum: 1426. Elapsed time: 0.010759s
V3: 8000 elements. Max sum: 1940. Elapsed time: 0.016270s
V3: 9000 elements. Max sum: 1940. Elapsed time: 0.015648s
V3: 10000 elements. Max sum: 2352. Elapsed time: 0.017353s
V3: 11000 elements. Max sum: 2352. Elapsed time: 0.019014s
V3: 12000 elements. Max sum: 2352. Elapsed time: 0.021606s
V3: 13000 elements. Max sum: 2352. Elapsed time: 0.021839s
V3: 14000 elements. Max sum: 2352. Elapsed time: 0.023789s
V3: 15000 elements. Max sum: 2352. Elapsed time: 0.027153s
V3: 16000 elements. Max sum: 2352. Elapsed time: 0.032554s
V3: 17000 elements. Max sum: 2352. Elapsed time: 0.029605s
V3: 18000 elements. Max sum: 2352. Elapsed time: 0.027676s
V3: 19000 elements. Max sum: 2352. Elapsed time: 0.027729s
V3: 20000 elements. Max sum: 2352. Elapsed time: 0.028257s
V3: 21000 elements. Max sum: 2503. Elapsed time: 0.030467s
V3: 22000 elements. Max sum: 2557. Elapsed time: 0.038256s
V3: 23000 elements. Max sum: 2557. Elapsed time: 0.044533s
V3: 24000 elements. Max sum: 2557. Elapsed time: 0.035027s
V3: 25000 elements. Max sum: 2775. Elapsed time: 0.037498s
V3: 26000 elements. Max sum: 2957. Elapsed time: 0.040471s
V3: 27000 elements. Max sum: 3109. Elapsed time: 0.044229s
V3: 28000 elements. Max sum: 3329. Elapsed time: 0.042761s
V3: 29000 elements. Max sum: 3513. Elapsed time: 0.042363s
V3: 30000 elements. Max sum: 3513. Elapsed time: 0.043192s
V3: 31000 elements. Max sum: 3513. Elapsed time: 0.043716s
V3: 32000 elements. Max sum: 3513. Elapsed time: 0.050482s
V3: 33000 elements. Max sum: 3513. Elapsed time: 0.052031s
V3: 34000 elements. Max sum: 3513. Elapsed time: 0.060505s
V3: 35000 elements. Max sum: 3513. Elapsed time: 0.052961s
V3: 36000 elements. Max sum: 3513. Elapsed time: 0.051657s
V3: 37000 elements. Max sum: 3513. Elapsed time: 0.052216s
V3: 38000 elements. Max sum: 3513. Elapsed time: 0.054036s
V3: 39000 elements. Max sum: 3513. Elapsed time: 0.058855s
V3: 40000 elements. Max sum: 3513. Elapsed time: 0.059782s
V3: 41000 elements. Max sum: 3513. Elapsed time: 0.063216s
V3: 42000 elements. Max sum: 3513. Elapsed time: 0.063505s
V3: 43000 elements. Max sum: 3513. Elapsed time: 0.067821s
V3: 44000 elements. Max sum: 3513. Elapsed time: 0.063957s
V3: 45000 elements. Max sum: 3513. Elapsed time: 0.073930s
V3: 46000 elements. Max sum: 3513. Elapsed time: 0.080361s
V3: 47000 elements. Max sum: 3513. Elapsed time: 0.074949s
V3: 48000 elements. Max sum: 3513. Elapsed time: 0.069534s
V3: 49000 elements. Max sum: 3513. Elapsed time: 0.072291s

#######

V4: 1000 elements. Max sum: 648. Elapsed time: 0.001272s
V4: 2000 elements. Max sum: 1058. Elapsed time: 0.002541s
V4: 3000 elements. Max sum: 1426. Elapsed time: 0.003948s
V4: 4000 elements. Max sum: 1426. Elapsed time: 0.005330s
V4: 5000 elements. Max sum: 1426. Elapsed time: 0.006603s
V4: 6000 elements. Max sum: 1426. Elapsed time: 0.008579s
V4: 7000 elements. Max sum: 1426. Elapsed time: 0.009382s
V4: 8000 elements. Max sum: 1940. Elapsed time: 0.013890s
V4: 9000 elements. Max sum: 1940. Elapsed time: 0.017337s
V4: 10000 elements. Max sum: 2352. Elapsed time: 0.016777s
V4: 11000 elements. Max sum: 2352. Elapsed time: 0.018561s
V4: 12000 elements. Max sum: 2352. Elapsed time: 0.027032s
V4: 13000 elements. Max sum: 2352. Elapsed time: 0.025928s
V4: 14000 elements. Max sum: 2352. Elapsed time: 0.022820s
V4: 15000 elements. Max sum: 2352. Elapsed time: 0.023394s
V4: 16000 elements. Max sum: 2352. Elapsed time: 0.025483s
V4: 17000 elements. Max sum: 2352. Elapsed time: 0.024940s
V4: 18000 elements. Max sum: 2352. Elapsed time: 0.029386s
V4: 19000 elements. Max sum: 2352. Elapsed time: 0.026975s
V4: 20000 elements. Max sum: 2352. Elapsed time: 0.032673s
V4: 21000 elements. Max sum: 2503. Elapsed time: 0.029798s
V4: 22000 elements. Max sum: 2557. Elapsed time: 0.030639s
V4: 23000 elements. Max sum: 2557. Elapsed time: 0.038507s
V4: 24000 elements. Max sum: 2557. Elapsed time: 0.034894s
V4: 25000 elements. Max sum: 2775. Elapsed time: 0.046829s
V4: 26000 elements. Max sum: 2957. Elapsed time: 0.043360s
V4: 27000 elements. Max sum: 3109. Elapsed time: 0.040052s
V4: 28000 elements. Max sum: 3329. Elapsed time: 0.048356s
V4: 29000 elements. Max sum: 3513. Elapsed time: 0.041152s
V4: 30000 elements. Max sum: 3513. Elapsed time: 0.042293s
V4: 31000 elements. Max sum: 3513. Elapsed time: 0.043442s
V4: 32000 elements. Max sum: 3513. Elapsed time: 0.048256s
V4: 33000 elements. Max sum: 3513. Elapsed time: 0.048789s
V4: 34000 elements. Max sum: 3513. Elapsed time: 0.050680s
V4: 35000 elements. Max sum: 3513. Elapsed time: 0.051474s
V4: 36000 elements. Max sum: 3513. Elapsed time: 0.054630s
V4: 37000 elements. Max sum: 3513. Elapsed time: 0.053190s
V4: 38000 elements. Max sum: 3513. Elapsed time: 0.053211s
V4: 39000 elements. Max sum: 3513. Elapsed time: 0.056579s
V4: 40000 elements. Max sum: 3513. Elapsed time: 0.056225s
V4: 41000 elements. Max sum: 3513. Elapsed time: 0.077097s
V4: 42000 elements. Max sum: 3513. Elapsed time: 0.074150s
V4: 43000 elements. Max sum: 3513. Elapsed time: 0.061221s
V4: 44000 elements. Max sum: 3513. Elapsed time: 0.073357s
V4: 45000 elements. Max sum: 3513. Elapsed time: 0.075114s
V4: 46000 elements. Max sum: 3513. Elapsed time: 0.069978s
V4: 47000 elements. Max sum: 3513. Elapsed time: 0.070444s
V4: 48000 elements. Max sum: 3513. Elapsed time: 0.078242s
V4: 49000 elements. Max sum: 3513. Elapsed time: 0.072617s
V4: 50000 elements. Max sum: 3513. Elapsed time: 0.078047s
V4: 51000 elements. Max sum: 3513. Elapsed time: 0.092804s
V4: 52000 elements. Max sum: 3513. Elapsed time: 0.080961s
V4: 53000 elements. Max sum: 3513. Elapsed time: 0.077474s
V4: 54000 elements. Max sum: 3513. Elapsed time: 0.077193s
V4: 55000 elements. Max sum: 3513. Elapsed time: 0.082379s
V4: 56000 elements. Max sum: 3513. Elapsed time: 0.079525s
V4: 57000 elements. Max sum: 3513. Elapsed time: 0.081148s
V4: 58000 elements. Max sum: 3513. Elapsed time: 0.091633s
V4: 59000 elements. Max sum: 3513. Elapsed time: 0.084460s
V4: 60000 elements. Max sum: 3513. Elapsed time: 0.089431s
V4: 61000 elements. Max sum: 3513. Elapsed time: 0.089540s
V4: 62000 elements. Max sum: 3897. Elapsed time: 0.090214s
V4: 63000 elements. Max sum: 3897. Elapsed time: 0.154857s
V4: 64000 elements. Max sum: 4425. Elapsed time: 0.125214s
V4: 65000 elements. Max sum: 5207. Elapsed time: 0.100493s
V4: 66000 elements. Max sum: 5207. Elapsed time: 0.109041s
V4: 67000 elements. Max sum: 5260. Elapsed time: 0.124197s
V4: 68000 elements. Max sum: 5260. Elapsed time: 0.124732s
V4: 69000 elements. Max sum: 5260. Elapsed time: 0.118364s
V4: 70000 elements. Max sum: 5260. Elapsed time: 0.111499s
V4: 71000 elements. Max sum: 5260. Elapsed time: 0.140013s
V4: 72000 elements. Max sum: 5260. Elapsed time: 0.116715s
V4: 73000 elements. Max sum: 5260. Elapsed time: 0.137104s
V4: 74000 elements. Max sum: 5260. Elapsed time: 0.123076s
V4: 75000 elements. Max sum: 5260. Elapsed time: 0.117588s
V4: 76000 elements. Max sum: 5260. Elapsed time: 0.121718s
V4: 77000 elements. Max sum: 5260. Elapsed time: 0.125395s
V4: 78000 elements. Max sum: 5260. Elapsed time: 0.132602s
V4: 79000 elements. Max sum: 5260. Elapsed time: 0.132125s
V4: 80000 elements. Max sum: 5260. Elapsed time: 0.140429s
V4: 81000 elements. Max sum: 5260. Elapsed time: 0.143031s
V4: 82000 elements. Max sum: 5260. Elapsed time: 0.133506s
V4: 83000 elements. Max sum: 5260. Elapsed time: 0.141432s
V4: 84000 elements. Max sum: 5260. Elapsed time: 0.156419s
V4: 85000 elements. Max sum: 5260. Elapsed time: 0.151357s
V4: 86000 elements. Max sum: 5260. Elapsed time: 0.148778s
V4: 87000 elements. Max sum: 5260. Elapsed time: 0.151512s
V4: 88000 elements. Max sum: 5260. Elapsed time: 0.217824s
V4: 89000 elements. Max sum: 5260. Elapsed time: 0.180643s
V4: 90000 elements. Max sum: 5260. Elapsed time: 0.147366s
V4: 91000 elements. Max sum: 5260. Elapsed time: 0.153740s
V4: 92000 elements. Max sum: 5260. Elapsed time: 0.180253s
V4: 93000 elements. Max sum: 5260. Elapsed time: 0.168339s
V4: 94000 elements. Max sum: 5260. Elapsed time: 0.162622s
V4: 95000 elements. Max sum: 5260. Elapsed time: 0.166666s
V4: 96000 elements. Max sum: 5260. Elapsed time: 0.198176s
V4: 97000 elements. Max sum: 5260. Elapsed time: 0.225241s
V4: 98000 elements. Max sum: 5260. Elapsed time: 0.184520s
V4: 99000 elements. Max sum: 5260. Elapsed time: 0.265444s
V4: 100000 elements. Max sum: 5260. Elapsed time: 0.201230s
V4: 101000 elements. Max sum: 5260. Elapsed time: 0.166636s
V4: 102000 elements. Max sum: 5260. Elapsed time: 0.242229s
V4: 103000 elements. Max sum: 5260. Elapsed time: 0.188418s
V4: 104000 elements. Max sum: 5260. Elapsed time: 0.219703s
V4: 105000 elements. Max sum: 5260. Elapsed time: 0.180924s
V4: 106000 elements. Max sum: 5260. Elapsed time: 0.164006s
V4: 107000 elements. Max sum: 5260. Elapsed time: 0.187369s
V4: 108000 elements. Max sum: 5260. Elapsed time: 0.172514s
V4: 109000 elements. Max sum: 5260. Elapsed time: 0.167979s
V4: 110000 elements. Max sum: 5260. Elapsed time: 0.169271s
V4: 111000 elements. Max sum: 5260. Elapsed time: 0.165598s
V4: 112000 elements. Max sum: 5260. Elapsed time: 0.166953s
V4: 113000 elements. Max sum: 5260. Elapsed time: 0.168958s
V4: 114000 elements. Max sum: 5260. Elapsed time: 0.170466s
V4: 115000 elements. Max sum: 5260. Elapsed time: 0.168862s
V4: 116000 elements. Max sum: 5260. Elapsed time: 0.174983s
V4: 117000 elements. Max sum: 5260. Elapsed time: 0.176092s
V4: 118000 elements. Max sum: 5260. Elapsed time: 0.177722s
V4: 119000 elements. Max sum: 5260. Elapsed time: 0.186431s
V4: 120000 elements. Max sum: 5260. Elapsed time: 0.188281s
V4: 121000 elements. Max sum: 5260. Elapsed time: 0.186769s
V4: 122000 elements. Max sum: 5260. Elapsed time: 0.199888s
V4: 123000 elements. Max sum: 5260. Elapsed time: 0.191108s
V4: 124000 elements. Max sum: 5260. Elapsed time: 0.195154s
V4: 125000 elements. Max sum: 5260. Elapsed time: 0.201563s
V4: 126000 elements. Max sum: 5260. Elapsed time: 0.240509s
V4: 127000 elements. Max sum: 5260. Elapsed time: 0.192209s
V4: 128000 elements. Max sum: 5260. Elapsed time: 0.198298s
V4: 129000 elements. Max sum: 5389. Elapsed time: 0.215137s
V4: 130000 elements. Max sum: 5893. Elapsed time: 0.201664s
V4: 131000 elements. Max sum: 6135. Elapsed time: 0.199399s
V4: 132000 elements. Max sum: 6135. Elapsed time: 0.201077s
V4: 133000 elements. Max sum: 6135. Elapsed time: 0.200849s
V4: 134000 elements. Max sum: 6135. Elapsed time: 0.204401s
V4: 135000 elements. Max sum: 6135. Elapsed time: 0.202386s
V4: 136000 elements. Max sum: 6135. Elapsed time: 0.208082s
V4: 137000 elements. Max sum: 6135. Elapsed time: 0.206647s
V4: 138000 elements. Max sum: 6135. Elapsed time: 0.210709s
V4: 139000 elements. Max sum: 6135. Elapsed time: 0.215250s
V4: 140000 elements. Max sum: 6135. Elapsed time: 0.221248s
V4: 141000 elements. Max sum: 6135. Elapsed time: 0.218895s
V4: 142000 elements. Max sum: 6135. Elapsed time: 0.218051s
V4: 143000 elements. Max sum: 6135. Elapsed time: 0.219316s
V4: 144000 elements. Max sum: 6135. Elapsed time: 0.218238s
V4: 145000 elements. Max sum: 6135. Elapsed time: 0.219258s
V4: 146000 elements. Max sum: 6135. Elapsed time: 0.226222s
V4: 147000 elements. Max sum: 6135. Elapsed time: 0.224444s
V4: 148000 elements. Max sum: 6135. Elapsed time: 0.225131s
V4: 149000 elements. Max sum: 6135. Elapsed time: 0.226046s
V4: 150000 elements. Max sum: 6135. Elapsed time: 0.229304s
V4: 151000 elements. Max sum: 6135. Elapsed time: 0.236008s
V4: 152000 elements. Max sum: 6135. Elapsed time: 0.235391s
V4: 153000 elements. Max sum: 6135. Elapsed time: 0.231535s
V4: 154000 elements. Max sum: 6135. Elapsed time: 0.233262s
V4: 155000 elements. Max sum: 6135. Elapsed time: 0.237512s
V4: 156000 elements. Max sum: 6135. Elapsed time: 0.233582s
V4: 157000 elements. Max sum: 6135. Elapsed time: 0.240631s
V4: 158000 elements. Max sum: 6135. Elapsed time: 0.272951s
V4: 159000 elements. Max sum: 6135. Elapsed time: 0.257872s
V4: 160000 elements. Max sum: 6135. Elapsed time: 0.267811s
V4: 161000 elements. Max sum: 6135. Elapsed time: 0.266741s
V4: 162000 elements. Max sum: 6135. Elapsed time: 0.260713s
V4: 163000 elements. Max sum: 6135. Elapsed time: 0.249268s
V4: 164000 elements. Max sum: 6135. Elapsed time: 0.247328s
V4: 165000 elements. Max sum: 6135. Elapsed time: 0.255112s
V4: 166000 elements. Max sum: 6135. Elapsed time: 0.254704s
V4: 167000 elements. Max sum: 6135. Elapsed time: 0.254260s
V4: 168000 elements. Max sum: 6135. Elapsed time: 0.252700s
V4: 169000 elements. Max sum: 6135. Elapsed time: 0.259897s
V4: 170000 elements. Max sum: 6135. Elapsed time: 0.262866s
V4: 171000 elements. Max sum: 6135. Elapsed time: 0.259599s
V4: 172000 elements. Max sum: 6135. Elapsed time: 0.266014s
V4: 173000 elements. Max sum: 6135. Elapsed time: 0.260177s
V4: 174000 elements. Max sum: 6135. Elapsed time: 0.264641s
V4: 175000 elements. Max sum: 6135. Elapsed time: 0.264910s
V4: 176000 elements. Max sum: 6135. Elapsed time: 0.261984s
V4: 177000 elements. Max sum: 6135. Elapsed time: 0.266906s
V4: 178000 elements. Max sum: 6135. Elapsed time: 0.273922s
V4: 179000 elements. Max sum: 6135. Elapsed time: 0.307578s
V4: 180000 elements. Max sum: 6135. Elapsed time: 0.274146s
V4: 181000 elements. Max sum: 6135. Elapsed time: 0.363666s
V4: 182000 elements. Max sum: 6135. Elapsed time: 0.381427s
V4: 183000 elements. Max sum: 6135. Elapsed time: 0.374580s
V4: 184000 elements. Max sum: 6135. Elapsed time: 0.281814s
V4: 185000 elements. Max sum: 6135. Elapsed time: 0.282544s
V4: 186000 elements. Max sum: 6135. Elapsed time: 0.286134s
V4: 187000 elements. Max sum: 6135. Elapsed time: 0.284265s
V4: 188000 elements. Max sum: 6135. Elapsed time: 0.287130s
V4: 189000 elements. Max sum: 6135. Elapsed time: 0.299864s
V4: 190000 elements. Max sum: 6135. Elapsed time: 0.285611s
V4: 191000 elements. Max sum: 6135. Elapsed time: 0.289711s
V4: 192000 elements. Max sum: 6135. Elapsed time: 0.290003s
V4: 193000 elements. Max sum: 6135. Elapsed time: 0.398063s
V4: 194000 elements. Max sum: 6135. Elapsed time: 0.394278s
V4: 195000 elements. Max sum: 6135. Elapsed time: 0.300659s
V4: 196000 elements. Max sum: 6135. Elapsed time: 0.297895s
V4: 197000 elements. Max sum: 6135. Elapsed time: 0.302383s
V4: 198000 elements. Max sum: 6135. Elapsed time: 0.299156s
V4: 199000 elements. Max sum: 6135. Elapsed time: 0.299274s
V4: 200000 elements. Max sum: 6135. Elapsed time: 0.304201s
V4: 201000 elements. Max sum: 6135. Elapsed time: 0.303443s
V4: 202000 elements. Max sum: 6135. Elapsed time: 0.304290s
V4: 203000 elements. Max sum: 6135. Elapsed time: 0.304253s
V4: 204000 elements. Max sum: 6135. Elapsed time: 0.310214s
V4: 205000 elements. Max sum: 6135. Elapsed time: 0.308961s
V4: 206000 elements. Max sum: 6135. Elapsed time: 0.310307s
V4: 207000 elements. Max sum: 6135. Elapsed time: 0.313108s
V4: 208000 elements. Max sum: 6135. Elapsed time: 0.313376s
V4: 209000 elements. Max sum: 6135. Elapsed time: 0.315792s
V4: 210000 elements. Max sum: 6135. Elapsed time: 0.316451s
V4: 211000 elements. Max sum: 6135. Elapsed time: 0.320639s
V4: 212000 elements. Max sum: 6135. Elapsed time: 0.318032s
V4: 213000 elements. Max sum: 6135. Elapsed time: 0.322171s
V4: 214000 elements. Max sum: 6135. Elapsed time: 0.325048s
V4: 215000 elements. Max sum: 6135. Elapsed time: 0.330720s
V4: 216000 elements. Max sum: 6135. Elapsed time: 0.394134s
V4: 217000 elements. Max sum: 6135. Elapsed time: 0.325257s
V4: 218000 elements. Max sum: 6135. Elapsed time: 0.331275s
V4: 219000 elements. Max sum: 6135. Elapsed time: 0.332040s
V4: 220000 elements. Max sum: 6135. Elapsed time: 0.333503s
V4: 221000 elements. Max sum: 6135. Elapsed time: 0.331151s
V4: 222000 elements. Max sum: 6135. Elapsed time: 0.335625s
V4: 223000 elements. Max sum: 6135. Elapsed time: 0.334708s
V4: 224000 elements. Max sum: 6135. Elapsed time: 0.335709s
V4: 225000 elements. Max sum: 6135. Elapsed time: 0.336064s
V4: 226000 elements. Max sum: 6135. Elapsed time: 0.337946s
V4: 227000 elements. Max sum: 6135. Elapsed time: 0.340328s
V4: 228000 elements. Max sum: 6135. Elapsed time: 0.343588s
V4: 229000 elements. Max sum: 6135. Elapsed time: 0.345024s
V4: 230000 elements. Max sum: 6135. Elapsed time: 0.346558s
V4: 231000 elements. Max sum: 6135. Elapsed time: 0.352438s
V4: 232000 elements. Max sum: 6135. Elapsed time: 0.364113s
V4: 233000 elements. Max sum: 6135. Elapsed time: 0.399903s
V4: 234000 elements. Max sum: 6135. Elapsed time: 0.356477s
V4: 235000 elements. Max sum: 6135. Elapsed time: 0.355175s
V4: 236000 elements. Max sum: 6135. Elapsed time: 0.355453s
V4: 237000 elements. Max sum: 6135. Elapsed time: 0.356495s
V4: 238000 elements. Max sum: 6135. Elapsed time: 0.356915s
V4: 239000 elements. Max sum: 6135. Elapsed time: 0.365069s
V4: 240000 elements. Max sum: 6135. Elapsed time: 0.360710s
V4: 241000 elements. Max sum: 6135. Elapsed time: 0.363454s
V4: 242000 elements. Max sum: 6135. Elapsed time: 0.363785s
V4: 243000 elements. Max sum: 6135. Elapsed time: 0.365005s
V4: 244000 elements. Max sum: 6135. Elapsed time: 0.374489s
V4: 245000 elements. Max sum: 6135. Elapsed time: 0.390011s
V4: 246000 elements. Max sum: 6135. Elapsed time: 0.368663s
V4: 247000 elements. Max sum: 6135. Elapsed time: 0.381187s
V4: 248000 elements. Max sum: 6135. Elapsed time: 0.392141s
V4: 249000 elements. Max sum: 6135. Elapsed time: 0.381523s
V4: 250000 elements. Max sum: 6135. Elapsed time: 0.400422s
V4: 251000 elements. Max sum: 6135. Elapsed time: 0.379716s
V4: 252000 elements. Max sum: 6135. Elapsed time: 0.381613s
V4: 253000 elements. Max sum: 6135. Elapsed time: 0.383144s
V4: 254000 elements. Max sum: 6135. Elapsed time: 0.383416s
V4: 255000 elements. Max sum: 6135. Elapsed time: 0.387655s
V4: 256000 elements. Max sum: 6135. Elapsed time: 0.397279s
V4: 257000 elements. Max sum: 6135. Elapsed time: 0.393749s
V4: 258000 elements. Max sum: 6135. Elapsed time: 0.425253s
V4: 259000 elements. Max sum: 6135. Elapsed time: 0.414133s
V4: 260000 elements. Max sum: 6135. Elapsed time: 0.414248s
V4: 261000 elements. Max sum: 6135. Elapsed time: 0.401109s
V4: 262000 elements. Max sum: 6135. Elapsed time: 0.406309s
V4: 263000 elements. Max sum: 6135. Elapsed time: 0.405492s
V4: 264000 elements. Max sum: 6135. Elapsed time: 0.410277s
V4: 265000 elements. Max sum: 6135. Elapsed time: 0.416562s
V4: 266000 elements. Max sum: 6135. Elapsed time: 0.407845s
V4: 267000 elements. Max sum: 6135. Elapsed time: 0.411170s
V4: 268000 elements. Max sum: 6135. Elapsed time: 0.420209s
V4: 269000 elements. Max sum: 6135. Elapsed time: 0.408524s
V4: 270000 elements. Max sum: 6135. Elapsed time: 0.415613s
V4: 271000 elements. Max sum: 6135. Elapsed time: 0.410850s
V4: 272000 elements. Max sum: 6135. Elapsed time: 0.412650s
V4: 273000 elements. Max sum: 6135. Elapsed time: 0.412396s
V4: 274000 elements. Max sum: 6135. Elapsed time: 0.412585s
V4: 275000 elements. Max sum: 6135. Elapsed time: 0.419363s
V4: 276000 elements. Max sum: 6135. Elapsed time: 0.416003s
V4: 277000 elements. Max sum: 6135. Elapsed time: 0.424062s
V4: 278000 elements. Max sum: 6135. Elapsed time: 0.421525s
V4: 279000 elements. Max sum: 6135. Elapsed time: 0.423902s
V4: 280000 elements. Max sum: 6135. Elapsed time: 0.424615s
V4: 281000 elements. Max sum: 6135. Elapsed time: 0.440238s
V4: 282000 elements. Max sum: 6135. Elapsed time: 0.432010s
V4: 283000 elements. Max sum: 6135. Elapsed time: 0.427512s
V4: 284000 elements. Max sum: 6135. Elapsed time: 0.432611s
V4: 285000 elements. Max sum: 6135. Elapsed time: 0.431052s
V4: 286000 elements. Max sum: 6135. Elapsed time: 0.451569s
V4: 287000 elements. Max sum: 6135. Elapsed time: 0.443729s
V4: 288000 elements. Max sum: 6135. Elapsed time: 0.444542s
V4: 289000 elements. Max sum: 6135. Elapsed time: 0.449291s
V4: 290000 elements. Max sum: 6135. Elapsed time: 0.443748s
V4: 291000 elements. Max sum: 6135. Elapsed time: 0.593676s
V4: 292000 elements. Max sum: 6135. Elapsed time: 0.509860s
V4: 293000 elements. Max sum: 6135. Elapsed time: 0.462928s
V4: 294000 elements. Max sum: 6135. Elapsed time: 0.464522s
V4: 295000 elements. Max sum: 6640. Elapsed time: 0.479108s
V4: 296000 elements. Max sum: 6867. Elapsed time: 0.485747s
V4: 297000 elements. Max sum: 6867. Elapsed time: 0.487623s
V4: 298000 elements. Max sum: 6867. Elapsed time: 0.451634s
V4: 299000 elements. Max sum: 6867. Elapsed time: 0.456060s







Minimum and lookup

Two further problems to play around with…


[5]:






def my_min(S):
    cnt = 0
    for x in S:
        isMin = True
        for y in S:
            cnt += 1
            if x > y:
                isMin = False
        if isMin:
            print("N. comparisons: {}".format(cnt))
            return x

A = [7, -1, 9,121, -3, 4, 13]

print(A)
print("min: {}".format(my_min(A)))













[-997, -1, 9, 121, -3, 4, 13]
N. comparisons: 7
min: -997







[15]:






%reset -f -s

def my_min_v2(S):
    cnt = 0
    for i in range(len(S)):
        isMin = True
        for j in range(len(S)):
            if i != j:
                cnt += 1
                if S[i] > S[j]:
                    isMin = False
        if isMin:
            print("Comparisons: {}".format(cnt))
            return S[i]

A = [7, -1, 9,121, -3, 4, 13]

print(A)
print("min: {}".format(my_min_v2(A)))














[-7, -1, 9, 121, -3, 4, 13]
Comparisons: 6
min: -7







[7]:






def lookup(L, v):
    for i in range(len(L)):
        if L[i] == v:
            return i
    return -1

my_list = [1, 3, 5, 11, 17, 121, 443]
print(my_list)
print("{} in pos: {}".format(17,
                             lookup(my_list, 17)))
print("{} in pos: {}".format(4,
                             lookup(my_list, 4)))















[1, 3, 5, 11, 17, 121, 443]
17 in pos: 4
4 in pos: -1







[8]:






#better min:

def my_faster_min(S):
    min_so_far = S[0] #first element
    i = 1
    while i < len(S):
        if S[i] < min_so_far:
            min_so_far = S[i]
        i = i +1
    return min_so_far

A = [7, -1, 9,121, -3, 4, 13]

print(A)
print("min: {}".format(my_min(A)))













[7, -1, 9, 121, -3, 4, 13]
min: -3







[21]:






# faster (?) lookup

def lookup(L, v):
    cnt = 0
    for i in range(len(L)):
        cnt += 1
        if L[i] == v:
            print("Comparisons: {}".format(cnt))
            return i
        else:
            cnt += 1
            if L[i] > v:
                print("Comparisons: {}".format(cnt))
                return -1
    print("Comparisons: {}".format(cnt))
    return -1

my_list = [1, 3, 5, 11, 17, 121, 443]
print(my_list)
print("{} in pos: {}".format(17,
                             lookup(my_list, 17)))
print("{} in pos: {}".format(4,
                             lookup(my_list, 4)))

print("{} in pos: {}".format(500,
                             lookup(my_list, 500)))













[1, 3, 5, 11, 17, 121, 443]
Comparisons: 9
17 in pos: 4
Comparisons: 6
4 in pos: -1
Comparisons: 14
500 in pos: -1







[14]:






def lookup_rec(L, v, start,end):
    if end < start:
        return -1
    else:
        m = (start + end)//2
        if L[m] == v: #found!
            return m
        elif v < L[m]: #look to the left
            return lookup_rec(L, v, start, m-1)
        else: #look to the right
            return lookup_rec(L, v, m+1, end)




my_list = [1, 3, 5, 11, 17, 121, 443]
print(my_list)
print("{} in pos: {}".format(17,
                             lookup_rec(my_list, 17, 0, len(my_list)-1)))
print("{} in pos: {}".format(4,
                             lookup_rec(my_list, 4, 0, len(my_list)-1)))

print("{} in pos: {}".format(443,
                             lookup_rec(my_list, 443, 0, len(my_list)-1)))













[1, 3, 5, 11, 17, 121, 443]
17 in pos: 4
4 in pos: -1
443 in pos: 6







[43]:






t = list(range(1,1000))
x = [1*e for e in t]
labels = [" lookup: ~n", " lookup_rec: ~log2(n)"]

import math
import matplotlib.pyplot as plt

y = [math.log2(el) for el in x]

#plt.plot(x,x,'r' , x,y,'b')
#plt.legend(labels)
#plt.xlabel("Input size [n]")
#plt.ylabel("Operations")
#plt.show()

plt.plot(x,y,'b', label= "lookup_rec")
#plt.legend(labels[1])
plt.xlabel("Input size [n]")
plt.ylabel("Operations")
plt.show()
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\(if start > end (n=0)\) \(T(n) = c_1 + c_2 = c\)

\(uf start \leq end (n>0)\) \(T(n) = T(n/2) + c_1 + c_3 + c_4 + c_6 + c_7 = T (n/2) + d\)

\(n = 2^{k} \Rightarrow k = log_{2}{n}\)


\[T(n) = d \cdot log{n} + e\]


\[T(n) = a \cdot n + b\]


\[T(n) = f \cdot n^{2} + g \cdot n + h\]


[1]:






import math

a = math.log2(10000)
print(a)













13.287712379549449






A cost function is simply a function from natural numbers to real numbers:


\[f(n) : \mathbb{N} \mapsto \mathbb{R}\]


\[f(n) = 10n^{3} + 2n^{2} + 7 \overset{?}{=} O(n^{3})\]

We need to prove that (i.e. find a c and m such that):


\[\exists c > 0, \exists m \geq 0 : f(n) \leq c\cdot n^3, \forall n \geq m\]


\[f(n) = 3n^{2} + 7n \overset{?}{=} \Theta(n^{2})\]

We need to prove that (i.e. find a c and m such that):


\[\exists c_1 > 0, \exists m_1 \geq 0 : f(n) \geq c_1 \cdot n^2, \forall n \geq m_1\]

and that


\[\exists c_2 > 0, \exists m_2 \geq 0 : f(n) \leq c_2 \cdot n^2, \forall n \geq m_2\]

which is true for each \(c_2 \geq 10\) and for all \(n \geq 1\), hence \(m_2 = 1\).


\[n^{2} \neq O(n)\]


\[n^{2} = O(n^{3})\]

If a problem is composed of two parts:


	the first being \(O(n \cdot log{n})\)


	the second \(O(n)\)




the overall complexity is \(O(n \cdot log{n} + n) = O(n \cdot log{n})\)

\(O(log{n}) \subset O(\sqrt[3]{n}) \subset O(\sqrt{n})\)

\(O(2^{n+1}) = O(2\cdot 2^{n}) = O(2^{n})\)

Example:


\[f(n) = n^4 + 4n^2 - 2 n + 1 = \Theta(n^4)\]


\[\sum_{i=0}^{n-1} n^2 = n^3\]


[2]:






n = 4

tot = 0
for i in range(4):
    tot+=n**2

print("{} == {}".format(tot, n**3))













64 == 64







\[\sum_{i=0}^{n-1}\sum_{j=i}^{n-1}n = ?\]


[14]:






n =